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Abstract
Two-dimensional N = (0, 4) supersymmetric quiver gauge theories are realized as D3-brane
box configurations (two dimensional intervals) which are bounded by NS5-branes and intersect
with D5-branes. The periodic brane configuration is mapped to D1-D5-D5′ brane system at
orbifold singularity via T-duality. The matter content and interactions are encoded by the N =
(0, 4) quiver diagrams which are determined by the brane configurations. The Abelian gauge
anomaly cancellation indicates the presence of Fermi multiplets at the NS-NS′ junction. We
also discuss the brane construction of N = (0, 4) supersymmetric boundary conditions in 3d
N = 4 gauge theories involving two-dimensional boundary degrees of freedom that cancel gauge
anomaly.
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1 Introduction
N = (0, 4) supersymmetric field theories are less understood due to the difficulty with their construc-
tion and quantization, however, they involve intriguing aspects and applications.
N = (0, 4) supersymmetric sigma model has the Yukawa couplings which can obey the ADHM
equations of the instanton construction under certain assumptions [1]. This indicates that there exists
a certain N = (0, 4) sigma model for every instanton. Since then, there have been a lot of studies
of N = (0, 4) supersymmetric field theories. The classical aspects of N = (0, 4) supermultiplets and
off-shell formalism were studied in [2, 3, 4] and quantum properties were studied in [5]. The elliptic
genera or superconformal indices of N = (0, 4) gauge theories have been computed in [6, 7].
N = (0, 4) superconformal field theory also can play a significant role in string and M-theory
to describe the dynamics of intersecting brane configurations and many features of the holographic
dual supergravity solutions. One relevant example is the D1-D5-KK system which is a 1/8 BPS
configuration in Type IIB string theory. It is dual to the triple intersection of M5-branes [8, 9]. The
dual N = (0, 4) SCFT is studied in [10, 11]. Another relevant example is the D1-D5-D5′ system
whose near horizon geometry is the geometry AdS3 × S3 × S3 × R [12, 13, 14]. The N = (0, 4)
gaugel theory which lives on the common world-volume of D1-branes and intersecting D5-branes is
studied in [15].
In this paper, we present a novel construction of N = (0, 4) supersymmetric quiver gauge theories
from brane box configuration of D3-branes which intersect with NS5-, D5-, NS5′- and D5′-branes.
N = (0, 4) supersymmetry can be preserved by half BPS boundary conditions in 3d N = 4 super-
symmetric field theory [16] and these boundary conditions can be realized in brane setup by starting
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with Hanany-Witten setup [17] and introducing additional NS5′ and D5′-branes on which half-infinite
D3-branes can end. We promote this setup to define N = (0, 4) supersymmetric gauge theory by
displacing D3-branes between NS5- and NS5′-branes. We call this brane configuration the D3-brane
box model. The periodic D3-brane box model turns out to be T-dual to the D1-D5-D5′ brane sys-
tem probing orbifold singularity, which is a generalization of the D1-D5-KK system and D1-D5-D5′
system.
In section 2 we start with reviewing N = (0, 4) supersymmetry in two dimensions. We make use
of N = (0, 2) notation to formulate N = (0, 4) theories. In section 3 we realize N = (0, 4) supersym-
metric boundary conditions for 3d N = 4 gauge theories by adding extra 5-branes in Hanany-Witten
construction and promoting to brane box configuration in Type IIB string theory. In section 4 we
study the D1-D5-D5′-KK-KK′ system which is T-dual of the brane box configuration. We determine
the spectrum and interaction by using the techniques developed in [18]. We propose N = (0, 4) quiver
which can be read from the brane box configuration and the D1-D5-D5′-KK-KK′ system. In section 5
we analyze the anomaly in brane box model. We discuss that the cancellation of the Abelian anomaly
in brane box model requires the existence of tetravalent Fermi multiplet charged under the Abelian
parts for quadrants of D3-branes which lives at the NS5-NS5′ junction. Furthermore, we argue the
brane construction of N = (0, 4) supersymmetric boundary conditions in 3d N = 4 supersymmetric
gauge theory involving two-dimensional boundary degrees of freedom which cancel gauge anomaly.
2 N = (0, 4) supersymmetric theories
2.1 N = (0, 2) superspace
There are four types of supermultiplets for N = (0, 4) supersymmetry in two dimensions. Let us
start by introducing the notation and convention in N = (0, 2) superspace 3. The N = (0, 2)
superspace is parametrized by bosonic coordinates x± and fermionic coordinates {θ+, θ+} where the
spinor conventions are as in [19, 20, 21]. The supercharges Q+ and Q+ = Q
†
+ of chiral N = (0, 2)
supersymmetry in the superspace is given by
Q+ =
∂
∂θ+
+ iθ
+
∂+, Q+ = −
∂
∂θ
+ − iθ+∂+. (2.1)
They satisfy
{Q+, Q+} =
{
Q+, Q+
}
= 0,
{
Q+, Q+
}
= −2i∂+. (2.2)
The superderivatives are
D+ =
∂
∂θ+
− iθ+∂+, D+ = − ∂
∂θ
+ + iθ
+∂+ (2.3)
which obey
{D+, D+} =
{
D+, D+
}
= 0,
{
D+, D+
}
= 2i∂+ (2.4)
and anticommute with the supercharges
{D+, Q+} = 0,
{
D+, Q+
}
= 0,
{
D+, Q+
}
= 0,
{
D+, Q+
}
= 0. (2.5)
Note that superfields are functions of (x±, θ+, θ
+
) with constraints in terms of D+, which annihilates
combinations of y+ = x+ − iθ+θ+, y− = x− and θ+.
3 The superspace formalism for N = (0, 4) supersymmetry is given in [3, 4].
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N = (0, 2) gauge multiplets For simplicity, we focus on Abelian gauge theory. The N = (0, 2)
gauge multiplet consists of a real adjoint valued superfield A+, whose lowest component is the right-
moving component of gauge field, and A− whose lowest component is the left-moving component of
gauge field. A supergauge transformation is
A+ → A+ − i
(
Λ− Λ) , A− → A− − i (Λ + Λ) (2.6)
where Λ is a chiral superfield D+Λ = D+Λ = 0. In the Wess-Zumino gauge, the real superfields A+
and A− have the component expansions
A+ = θ+θ+ (A0 +A1) , A− = (A0 −A1)− 2iθ+λ− − 2iθ+λ− + 2θ+θ+D (2.7)
Here the left-moving component A− = A0 −A1 of the gauge field has two real left-moving fermionic
partners λ− and λ− while the right-moving one A+ = A0 +A1 has none. D is a real auxiliary field.
In gauge theories, the superspace derivatives D+ and D+ are extended to gauge covariant su-
perderivatives D+ = e−A+D+eA+ and D+ = eA+D+e−A+ . In the Wess-Zumino gauge they are
expressed as
D0 +D1 = ∂0 + ∂1 + iA+, D0 −D1 = ∂0 − ∂1 + iA−, (2.8)
D+ = ∂
∂θ+
− iθ+ (D0 +D1) , D+ = − ∂
∂θ
+ + iθ
+ (D0 +D1) . (2.9)
The field strength is given by the uncharged Fermi multiplet
Υ =
[D+,D0 −D1] = D+ (∂−A+ + iA−)
= −2 [λ−(y)− iθ+ (D − iF01)]
= −2
[
λ−(x)− iθ+ (D − iF01)− iθ+θ+ (D0 +D1)λ−
]
(2.10)
where F01 = ∂0A1 − ∂1A0. The kinetic terms for the N = (0, 2) gauge multiplets are given by
integration over all of superspace d2θ = dθ+dθ
+
S(0,2)gauge =
1
8e2
∫
d2xd2θΥΥ
=
1
e2
∫
d2x
[
1
2
F 201 + iλ− (∂0 + ∂1)λ− +
1
2
D2
]
. (2.11)
2.1.1 N = (0, 2) chiral multiplets
The N = (0, 2) chiral superfield Φ satisfies the chirality constraint
D+Φ = 0. (2.12)
It is expanded in the (super)coordinates y+ = x+ − iθ+θ+, y− = x− and θ+ as
Φ = φ(y) +
√
2θ+ψ+(y)
= φ(x) +
√
2θ+ψ+(x)− iθ+θ+∂+φ(x) (2.13)
where φ is complex scalar and ψ+ is its right-moving fermionic partner. The kinetic terms for the
N = (0, 2) chiral superfield are given by
S
(0,2)
chiral = −
i
2
∫
d2xd2θΦ∂−Φ. (2.14)
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For a field Φ(Q) with U(1) charge Q, the covariant chirality constraint D+Φ(Q) = 0 can be solved by
Φ = e−QAΦ(Q). In components we have
Φ = φ(x) +
√
2θ+ψ+(x)− iθ+θ+(D0 +D1)φ(x) (2.15)
where Dα = ∂α + iQuα. The kinetic terms for the N = (0, 2) charged chiral superfield are given by
S
(0,2)
chiral = −
i
2
∫
d2xd2θΦ
(Q)
(D0 −D1) Φ(Q)
=
∫
d2x
[
−|Dαφ|2 + iψ+ (D0 −D1)ψ+ − iQ
√
2φλ−ψ+ + iQ
√
2φψ+λ− +QD|φ|2
]
. (2.16)
2.1.2 N = (0, 2) Fermi multiplets
The N = (0, 2) Fermi multiplets satisfy the conditions
D+Γ =
√
2E, D+E = 0. (2.17)
Here E determines the potential term and it can be solved by assuming that E is a holomorphic
function of chiral superfields Φ [20]. The N = (0, 2) Fermi multiplet is expanded in the coordinates
as
Γ = χ−(x)−
√
2θ+G(x)− iθ+θ+(D0 +D1)χ−(x)−
√
2θ
+
E (2.18)
where χ− is a left-moving fermion and G is a complex auxiliary field. In general E will have an
expansion
E(Φ) = E(φi) +
√
2θ+
∂E
∂φi
ψ+i − iθ+θ+(D0 +D1)E(φi). (2.19)
The N = (0, 2) Fermi multiplets may also transform as some representation R of the gauge group.
For a field Γ(Q) with U(1) charge Q, the covariant constraints D+Γ(Q) = E and D+E(Q) = 0 can
be solved by taking Γ = e−QAΓ(Q) and E = e−QAE(Q). The kinetic terms for the N = (0, 2) Fermi
multiplet are given by
S
(0,2)
ferm = −
1
2
∫
d2xd2θΓΓ
=
∫
d2x
[
iχ−(D0 +D1)χ− + |G|2 − |E(Q)(φ)|2 − χ−
∂E(Q)(φ)
∂φi
ψ+i + ψ+i
∂E
(Q)
(φ)
∂φ
i
χ−
]
.
(2.20)
We see that the holomorphic function E(Q)(φ) appears as a potential term for chiral multiplet in
(2.20), which we call an E-term potential. By definition (2.17), E-term transforms in the same way
as the Fermi multiplet Γ.
2.1.3 N = (0, 2) superpotential
Let Ja(Φ) be a superpotential which is a holomorphic function of chiral superfields Φ for a set of
Fermi multiplets {Γa}. Then a supersymmetric action can be also constructed by integrating over
half of superspace as
S
(0,2)
J = −
1√
2
∫
d2xdθ+
∑
a
ΓaJ
a(Φ)
∣∣∣
θ
+
=0
−h.c.
= −
∑
a
∫
d2x
[
GaJ
a(φ) +
∑
i
χ−a
∂Ja
∂φi
ψ+i
]
− h.c. (2.21)
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By integrating out the auxiliary field Ga, one obtains a potential term ∼ |Ja(φ)|2. We shall call
this a J-term potential. It follows from gauge invariance of ΓaJ
a that QΓa = −QJa . Thus J-term
transforms in the conjugate representation, namely as Γ˜. The bosonic potential terms specified by
holomorphic functions E(φ)a and J
a(φ) are associated to the Fermi multiplet Γa. It is important to
note that in N = (0, 2) theories, there is a symmetry between Fermi multiplet Γ and its conjugate Γ˜
under an exchange of E- and J-terms.
Since N = (0, 2) Fermi multiplet Γa is not a genuine chiral superfield obeying D+Γ =
√
2E, one
needs to impose the condition
E · J =
∑
a
EaJ
a = 0 (2.22)
to ensure that the J-term potential ΓaJ
a(Φ) is chiral, i.e. D+(ΓaJa) = 0.
It is important to note that as 3d N = 2 supersymmetric theories with a superpotential W3d(Φ)
admits N = (0, 2) supersymmetric boundary conditions with W (Φ) being constant [22], the condition
(2.22) can be relaxed so that
E · J = W3d(Φ) (2.23)
if N = (0, 2) theories live on a boundary of 3d N = 2 theories [23, 24]. This is a 3d analogue of the
Warner problem [25] so that (2.23) exhibits holomorphic factorization of 3d bulk superpotential.
One simple example of the superpotential is an FI and θ term
SFI =
t
4
Tr
∫
d2xdθ+Υ
∣∣∣
θ
+
=0
+h.c.
= Tr
∫
d2x
[
−rD + θ
2pi
F01
]
(2.24)
where t = ir + θ2pi is a complex combination of a FI parameter r and θ angle.
In total, there are three contributions to potential energy, i.e. D-, E- and J-terms. N = (0, 2)
gauge theories are expected to flow in the IR to the non-linear sigma model whose target space is
determined by the vanishing D-, E- and J-terms.
2.2 N = (0, 4) supersymmetric theories
Let us discuss the N = (0, 4) supersymmetric gauge theories. There are four kinds of supermultiplets;
vector multiplets, hypermultiplets, twisted hypermultiplets and Fermi multiplets. We construct them
by using N = (0, 2) supermultiplets which have an enhanced SO(4) ∼= SU(2)C×SU(2)H R-symmetry
of N = (0, 4) supersymmetry.
2.2.1 N = (0, 4) vector multiplets
The N = (0, 4) vector multiplet V consist of an N = (0, 2) vector multiplet Υ and an adjoint-valued
N = (0, 2) Fermi multiplet Γ
V = (Υ,Γ). (2.25)
In components it contains a gauge field, a pair of left-moving complex fermions λAA˜− which transform
as (2,2)− under the SU(2)C × SU(2)H R-symmetry and auxiliary fields transforming as (1,3). The
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N = (0, 4) vector multiplet does not contain scalar fields, hence there is no Coulomb branch. The
adjoint-valued N = (0, 2) Fermi multiplet Γ obeys
D+Γ = EΓ (2.26)
where EΓ is a holomorphic function of chiral superfields which transforms in the adjoint representation
of the gauge group. It can be expressed as (2.30) in terms of chiral fields of N = (0, 4) twisted
hypermultiplets.
2.2.2 N = (0, 4) hypermultiplets
The N = (0, 4) hypermultiplet consists of a pair of N = (0, 2) chiral multiplets L and R which
transform in conjugate representations of the gauge group
H = (R,L). (2.27)
Under the R-symmetry SU(2)C × SU(2)H the chiral field and the anti chiral field transform in
the (1,2) and the right-moving fermions transform as (2,1)+. The kinetic terms for N = (0, 4)
hypermultiplet are a sum of those for N = (0, 2) chiral multiplets given in (2.16). In addition,
N = (0, 4) hypermultiplet can couple to N = (0, 4) vector multiplet through the N = (0, 2) Fermi
multiplet Γ as a J-type potential [15]
JΓ = RL. (2.28)
2.2.3 N = (0, 4) twisted hypermultiplets
In a similar fashion as in N = (0, 4) hypermultiplet, N = (0, 4) twisted hypermultiplet consists of
a pair of N = (0, 2) chiral multiplets U and D transforming in conjugate representations under the
gauge group
T = (U,D). (2.29)
In contrast to the hypermultiplet, a pair of complex scalars transform as (2,1) and the right-moving
fermions transform as (1,2)+ under the R-symmetry SU(2)C ×SU(2)H . Again the kinetic terms for
N = (0, 4) twisted hypermultiplet are given by a sum of (2.16) for both U and D. The N = (0, 4)
twisted hypermultiplet can couple to a vector multiplet via the E-term potential (2.30).
It is important to note that the condition (2.22) cannot be satisfied if a single N = (0, 4) vector
multiplet is coupled to both N = (0, 4) hypermultiplet and N = (0, 4) twisted hypermultiplet since
EΓJ
Γ = TrUDRL 6= 0. This can be solved by introducing N = (0, 4) Fermi multiplets which couple
to both the N = (0, 4) hypermultiplet and the twisted hypermultiplet.
Since the N = (4, 4) vector multiplet decomposes into N = (0, 4) vector multiplet and adjoint
valued N = (0, 4) twisted hypermultiplet, EΓ in (2.26) can be expressed as a holomorphic function
of adjoint valued chiral multiplets U and D which constitute the N = (0, 4) twisted hypermultiplet
[15]:
EΓ = UD. (2.30)
2.2.4 N = (0, 4) Fermi multiplets
The N = (0, 4) Fermi multiplet Ξ consists of a pair of N = (0, 2) Fermi multiplets Γ and Γ′
Ξ = (Γ,Γ′). (2.31)
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A pair of left-moving fermions ξ− and ξ˜ in the multiplet transform as (1,1)− under the SU(2)C ×
SU(2)H R-symmetry.
Although they are trivial under the R-symmetry, they play a key role in defining consistent N =
(0, 4) gauge theories. As discussed in 2.2.3, when both N = (0, 4) hyper and twisted hypermultiplets
couple to a gauge field, it is required to introduce neutral Fermi multiplet so that the supersymmetric
condition (2.22) is satisfied. The simplest situation would be the case with one hyper multiplet and
one twisted hyper multiplet. In addition, as we discuss in section 2.2.5, when there are enough hyper
and twisted hypermultiplets in the gauge theory, the charged Fermi multiplets are required to cancel
a gauge anomaly.
2.2.5 Anomaly
N = (0, 4) supersymmetric gauge theory can be anomalous because left- and right-moving fermions
are not necessarily paired together.
Let G be a simple compact group of which a system of right- and left-handed chiral fermions
transform under a unitary representation R through coupling to a (background) gauge field whose
field strength is f . We define the quadratic index C(R) of R as a sum of length-squared of weights λ
C(R) =
1
rankG
∑
λ∈R
‖λ‖2 (2.32)
where ‖α‖2 = 2 for long roots α. This is normalized so that C(adjoint) = 2h where h is the dual
Coxeter number.
The contribution to anomaly the 4-form is summarized as follows:
2d N = (0, 2) multiplet R f2
chiral Φ  or  −C(R)
adjoint −2h
Fermi Γ  or  C(R)
adjoint 2h
gauge Υ adjoint 2h
(2.33)
The left- and right-moving fermions have the opposite contributions to the anomaly whereas the
fundamental and anti-fundamental representations have the same contributions. For SU(N) we have
C() = 1 and C(adjoint) = 2h = 2N and the anomaly contributions are summarized as
2d N = (0, 2) multiplet R f2su(N)
chiral Φ  or  −1
adjoint −2N
Fermi Γ  or  1
adjoint 2N
gauge Υ adjoint 2N
(2.34)
In particular, the gauge anomaly is required to be cancelled for a consistent quantum field theory,
which leads to an important constraint. Unlike the gauge anomaly, the global anomaly may remain in
the theory. If the global anomaly remains in the IR, the current of the global symmetry of Lie algebra
h can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra ĥ of level |2Ah| where Ah is the anomaly coeffi-
cient. The affine Lie algebra ĥ acts in the holomorphic or anti-holomorphic sector of the associated
CFT depending on the sign of the anomaly coefficient Ah.
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3 N = (0, 4) boundary conditions
3.1 Brane construction
We consider Type IIB superstring theory in Minkowski spacetime with time coordinate x0 and space
coordinates x1, · · · , x9 [17]. Let QL and QR be the supercharges generated by left- and right-moving
world-sheet degrees of freedom. They satisfy the chirality conditions of Type IIB superstring theory:
ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(3.1)
All the branes share the (x0, x1) directions. We consider the case in which the D3-branes are bounded
by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in these two
directions, the world-volume theories on the D3-branes therefore are macroscopically two dimensional.
The presence of all branes breaks down the space-time SO(1, 9) Lorentz symmetry to SO(1, 1)01×
SO(3)345×SO(3)′789 where SO(1, 1) acts on x0, x1, SO(3)345 acts on x3, x4, x5 and SO(3)789 acts on
x7, x8, x9. The brane configuration (3.1) preserves linear combinations of supercharges LQL+ RQR
with L and R being spinors such that
Γ012345L = L, Γ012345R = −R, (3.2)
Γ012789R = L (3.3)
Γ016789L = L, Γ016789R = −R, (3.4)
Γ013456R = L, (3.5)
Γ0126R = L. (3.6)
These conditions give rise to three non-trivial projection conditions so that the presence of branes
breaks supersymmetry to 1/8 of the original supersymmetry and four supercharges are preserved.
Besides, these conditions lead to Γ01L = L, Γ01R = R, which implies that chiral N = (0, 4)
supersymmetry exists in the (x0, x1) directions and thereby SO(3)345 × SO(3)789 is identified with
the SO(4)R ∼= SU(2)C × SU(2)H R-symmetry of the N = (0, 4) supersymmetry.
3.2 N = (0, 4) boundary conditions
When the D3-branes are finite only in x6 direction and are semi-infinite in the region x2 ≥ 0, the
configuration of D3-, NS5- and D5-branes leads to 3d N = 4 supersymmetric field theories and two
extra 5-branes, NS5′- and D5′-branes break further half of supersymmetry to give rise to N = (0, 4)
boundary conditions at x2 = 0 in these theories [16].
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3.2.1 3d N = 4 vector multiplet
When a D3-brane is stretched between two parallel NS5-branes along x6 direction, the low-energy
effective theory is that of 3d N = 4 Abelian vector multiplet. It contains a three-dimensional
gauge fields Aµ, µ = 0, 1, 2, three real scalar fields φ
i, i = 3, 4, 5 which transforming as (3,1)
of SU(2)C × SU(2)H , an auxiliary field D and a fermionic fields λ. The irreducible 3d N = 4
vector multiplet V decomposes into a sum of N = (0, 4) vector multiplet V and N = (0, 4) twisted
hypermultiplet T :
V = (V, T ). (3.7)
1. NS5′ and (0, 4) vector multiplet
When the D3-brane further ends on an NS5′-brane, it fixes the motion of the D3-brane in
(x3, x4, x5) while the two-dimensional gauge field Aα, α = 0, 1 is free to fluctuate and normal
component A2 of gauge field obeys the Dirichlet boundary condition. Correspondingly, the field
theory admits the half BPS boundary conditions
F2α|∂ = 0, Dαφi|∂ = 0, (3.8)
along with the massless left-moving fermions. The boundary massless modes which are two-
dimensional gauge fields Aα and the left-moving fermions form the irreducible N = (0, 4) vector
multiplet. Therefore the NS5′-brane allows boundary conditions in which (0, 4) vector multiplet
V on the boundary is free while N = (0, 4) twisted hypermultiplet T vanishes.
2. D5′ and (0, 4) twisted hypermultiplet
Conversely, when the D3-brane terminates on a D5′-brane, the three scalar fields φi are free to
fluctuate as the D5′-brane spans in the (x3, x4, x5) directions. On the other hand, the gauge
field Aα satisfies the Dirichlet boundary condition and the scalar field A2 is free to move at the
boundary. In field theory analysis this corresponds to the half of BPS boundary conditions in
3d N = 4 Abelian vector multiplet
Fαβ |∂ = 0, D2φi|∂ = 0, (3.9)
when the massless right-moving fermions survive at the boundary. The three scalar fields φi and
the scalar field A2 can form a pair of complex scalars transforming as (2,1). They eventually
combine with the right-moving fermions into N = (0, 4) twisted hypermultiplet. Hence the D5′-
brane sets N = (0, 4) vector multiplet V to zero and leaves N = (0, 4) twisted hypermultiplet
T at the boundary.
When Nc D3-branes end on a D5
′-brane, the half BPS boundary conditions are generalized to
the Nahm pole boundary condition [16]:
Fαβ |∂ = 0, D2φi|∂ = ijk[φj , φk]|∂ . (3.10)
The pole governed by the Nahm equation would describe the D3-branes which polarize into a
fuzzy funnel configuration [26, 27].
3.2.2 3d N = 4 hypermultiplet
The dynamics of a D3-brane ending on two parallel D5-branes would be described by a theory of
3d N = 4 hypermultiplet. The bosonic massless modes in the theory are the fluctuations of the
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D3-brane in the (x7, x8, x9) directions and the scalar field A6. The three real scalar fields transform
as (1,3) under the SU(2)C ×SU(2)H R-symmetry while the scalar field A6 transform as (1,1). The
irreducible 3d N = 4 hypermultiplet H decomposes as the sum of N = (0, 4) hypermultiplet H and
N = (0, 4) Fermi multiplet Ξ:
H = (H,Ξ). (3.11)
1. NS5′ and (0, 4) hypermultiplet
When the D3-brane terminating on two D5-branes further ends on an NS5′-brane, the three
scalar fields describing the fluctuations in the (x7, x8, x9) directions and the scalar field A6 still
remain. The corresponding half BPS boundary conditions in 3d N = 4 hypermultiplet can be
found in field theory analysis
∂2q|∂ = 0, ∂2q˜|∂ = 0, (3.12)
when the massless right-moving fermions are left at the boundary. The pair of complex scalar
fields and the right-moving fermions form N = (0, 4) hypermultiplet. Thus the NS5′-brane
keeps N = (0, 4) hypermultiplet H and sets N = (0, 4) Fermi multiplet Ξ to zero.
2. D5′ and (0, 4) Fermi multiplet
When the D3-brane between the two D5-branes further attach on an D5′-brane, all the bosonic
massless modes are set to zero. These boundary conditions correspond to the half of BPS
boundary conditions in 3d N = 4 hypermultiplet
∂αq|∂ = 0, ∂αq˜|∂ = 0, (3.13)
when the massless left-moving fermions are kept at the boundary. The left-moving fermions
without any bosonic degrees of freedom consistently form N = (0, 4) Fermi multiplet. So the
D5′-brane kills N = (0, 4) hypermultiplet H and leaves N = (0, 4) Fermi multiplet Ξ.
Altogether there are four types of boundary conditions which correspond to the four types of junc-
tions of branes; D3-NS-NS′, D3-NS-D5′, D3-D5-NS′ and D3-D5-D5′. These intersections respectively
admit boundary local operators which are involved in N = (0, 4) vector, twisted hyper, hyper and
Fermi multiplets.
3.3 Boundary anomaly and linking number
When we consider chiral supersymmetric boundary conditions in 3d supersymmetric gauge theory,
there also exists an anomaly contribution from bulk fields. It is argued in the analysis [24] of (0, 2)
boundary conditions for 3d N = 2 theory, that the bulk fields may have half of the contributions as
those from boundary fields. For SU(N) the anomaly contribution is given by
3d N = 2 multiplet with 1/2 BPS b.c. R f2su(N)
chiral multiplet with N b.c.  or  − 12
adjoint −N
chiral multiplet with D b.c.  or  12
adjoint N
gauge multiplet with N b.c. adjoint N
gauge multiplet with D b.c. adjoint −N
(3.14)
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
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subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − −
D5 ◦ ◦ ◦ − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
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In
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[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Typ IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We in r duce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft ano alies. While gauge anomaly cancellation is required for consistent e theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the an maly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
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subsec_d3box
2.1 Bra configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configuratio s to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacet me
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL an QR be the su ercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR wher Γ = Γ0 · · ·Γ9.
We introduce NS5 branes w th world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
w th w rld-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in ( 0 1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) di ections, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-b anes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macrosc pically two
dimensional.
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Note th t the fundamental d anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly ca cella ion is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can b holomorphic or nti-holomorphic, i.e. left- or right-moving. Then the c rresponding global
symmetry can be enhanced o the affin Lie algebra f̂ of level |2Af| which ct in the holomorphic or
anti- olomorphic sector of the associated CFT dep nd ng the sign of the a omaly coefficient Af.
**TODO: Check the Abeli n anomalies. In
Mohri:1997ef
[11] th theories o D1-branes at singul rities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a eneralized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the additio of appro r ate matter can els the n n-vanishing Abelia gau e
anomal es. **
When we consider (0, 2) boundary conditi ns in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
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3d N = 2 multiplet b.c. represent ti n ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiple N b.c. ! or ! − 14
adjoint −N2
gauge multiple N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
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2.1 Brane configurations
subsec_04susy
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Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-b nes and 5- s were sed to construct 3d N = 4 supersymmetric
gauge theories. In this section we will gen ralize these bra e configurations to construct 2d N = (0, 4)
persymmetric gauge the ries. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 an pace coo dinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
f Type IIB super tring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with wo ld-v lumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes i (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ ◦ − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ − − − − ◦ ◦
NS5′ ◦ ◦ − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share t e (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these tw directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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the ’t Hooft anomalies. While gauge n ma y cancellation is required for consistent gauge theory,
globa symmetry may be anomalous. In the IR, the current of the lobal symmetry of Lie algebra
f can be holomorphic or anti-ho om phic, i.e. left- or rig t-m ving. T en the corresponding global
symmetry can be enhanced to the ffine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-hol morph c sector of the associat d CFT depe ding on the sign of the a omaly coefficient Af.
**TODO: Check the Abelian omalies. In
Mohri:1997ef
[11] the theories on D1-b anes at singularities the
non-vanishing Abelian g uge anomali s are shown to b cance l d by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropri e matter cancels the non-vanishing Abe ian gau e
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of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
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dim nsional.
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gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and spac coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB sup string theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
wi h world-volumes in (x0, x1, x2, x7, x8, x9) directions NS5′-branes with world-volumes in (x0, x1,
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NS5 ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) dire ti s. According to the Kaluza-Klein reduction in
these two directions, the world-volu e theories on the D3-branes therefore are macroscopically two
dimensional.
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Note tha he fu damental and anti-fu dam ntal representations have the same contributions to
the ’ H oft anomalies. Whil gauge anomaly cancellation s required for consistent gauge theory,
global sym e ry may be anomalous. n the IR, the current of the global symmetry of Lie algebra
f can be hol m phic or anti-holom rphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be nhanced to the affine Lie algebra f̂ of level |2Af| which act in the holom phic or
a ti-hol morphic sector of the asso iated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohr :1997 f
[11] the theories on D1-branes at s ngularities the
on-vanishing Abelian gauge anomalies are shown to be cancelled by a generaliz d Green-Schwarz
echanism. In
Gadde:2013lxa
[12] the ddit on of appropria m tter cancels the on-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimof e:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! r ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Bra e configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations f D3-branes and 5-branes were used o construct 3d N = 4 supersymmetric
gauge theories. In his secti w will generalize these b ane configurations o construct 2d N = (0, 4)
supersymme c gauge theories. We consid r Type IIB superstring theory in Minkowski spacetime
with time coordin te x0 nd space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erat d by left- and right-moving world-she t degre s of freedom. The satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, Γ R = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes wi h world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in ( 0, 1, 2, 7, x8, x9) directions, NS5′-branes with world-volum s in (x0, x1,
x6, x7, x8, 9) irection D5′-bran s with worl -volum s in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in ( 0, 1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2. ) 04_brane1
All the bran s sh r the (x0, x1) directions. We w ll consider the case in which the D3-branes are
bounded by all he 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two dir ctions, th world-volume theories n the D3-bran s therefore a e macroscopically two
dimensional.
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No e that the funda ental and nti-fundamental repr sent tions have the same c tributions to
the ’t Hooft anomal s. While gaug anomaly ca cellati n is required for consist n gauge theory,
glob l sy metry ay be anomalous. In t e IR, the current f the global symmetry of Lie algebra
f can be holom rph anti-ho omorph c, i.e. left- or right-movi g. Then the c rresponding global
symmetry can b enha ced t the affin Lie algebra f̂ of level |2Af| w ich act in the holomorphic or
an i-h lom rp ic e tor of th associated CFT depending o the sign of the a omaly coefficient Af.
**TODO: Check the Abeli anomalies. In
Mohri:1997ef
[11] the theories on D1-bra es t s ngularities the
non-vanish ng Ab li n gauge a omalies are shown to b ca celled by a generalized Green-Schwarz
echa ism. In
G dde:2013lxa
[12] he addit o of ppropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
W n we c nsi e (0, 2) bou ary conditions in 3d N = 2 theory, the anomaly coefficient also
r ceives c tribution from bulk fi lds. They have alf of the c tribu ions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiple b.c. representation ASU(N)
ch ral multiplet D b.c. ! or ! 14
adjoint N2
ch ral mult plet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane b x model
subsec_d3box
2.1 Brane configurations
sub ec_04susy
In
Hanany 1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes d 5-b anes we e use to construct 3d N = 4 supe symmetric
gauge theories. In thi sect on we wi l ge eralize these brane configu ations to construct 2d N = (0, 4)
supe symm tric gauge theories. W consider Type IIB superstring theory in M nkowski spacetime
wi h time coordinate x0 a d sp ce coordinates x1, · · · , x9. Let L and QR be the supercharges gen-
erated by left- and right-moving world-sh t degr es of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-brane with world-volumes in ( 0, 1, x2, x3, x4 x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with wo ld-volumes in ( 0, 1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) di ections:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − ◦ − −
NS5 ◦ ◦ ◦ − −
D5 ◦ ◦ ◦ − − ◦ ◦
NS5′ ◦ ◦ − − ◦ ◦
D5′ ◦ − ◦ ◦ − −
(2.1) 04_brane1
All branes share the (x0, x1) directions. We will consider t e case in which the D3-branes are
bounded by all th 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these w directions, the w rld-v ume theories on the D3-branes theref re are macroscopically two
dimensional.
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Note tha the and anti-fundamental r pr sentations have the same contributions to
th ’t H oft anomali s. W i e g ug nomaly cancellati n is req ired for consistent gauge theory,
global sym etry may b nomalous. In IR, the current of the gl bal symmetry of Lie algebra
f can be holom phic or anti-holomorph c, i.e. left- or right-movi g. Then the c rresponding global
symmetry c n b enhanc d to the ffine Lie algebra f̂ of level |2Af| wh ch act in the holom rphic or
a ti- lom rphic sector of the associate CFT depe di g on the sign of the a omaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Moh i:1997 f
[11] the theories on D1-bran at singularities the
non-vanishing Abelian g uge anomalies are shown to be cancel ed by g neralized Green-Schwarz
m cha ism. In
Gadde:2013lxa
[12] the addition f appropriate matt r cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) b undary conditions in 3d N = 2 theory, the a omaly coefficient also
eceives contribution from bulk fields. They have half of h contri utions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiple b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
su sec_d3box
2.1 Bra e configurations
su sec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-bran s and 5-branes were use to onstruct 3d N = 4 supersymmetric
g ug theories. I his s ction we will g neralize these brane configurati to onstruct 2d N = (0, 4)
supe symmetr gauge theories. We con ider Type IIB superstri g theory in M nkowski spacetime
with time coordinate x0 a d space coordinat s 1, · · · , x9. Let QL nd QR be the sup rcharges gen-
erated by left- and ght-m vin worl -sh t degr f fr edom. T e sa sfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, QR = QR where Γ = Γ0 · · ·Γ9.
We intro uce NS5-branes with world-volumes in ( 0 1, x2, x3, x4, x5) directions, D5-br nes
with world-volumes in ( 0 1 2 7, x8, x9) di ections, NS5′-branes with world-volumes in (x0, x1,
6 7, x8, x9) directions, D5′-branes with orld-vo um in ( 0, 1, 3 4, x5, x6) direct ons, and
D3-bran s in (x0, x1, x2, x6) dir cti ns:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the br n s s are the (x0, x1) directions. W will consider t e case in which the D3-b anes are
b unded by all 5-branes in the (x2, x6) directions. According to the aluza-Klein reduction in
two di ecti ns, the w ld-volum theori s on the D3-branes the f re re macroscopically two
dimensional.
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Nc f - Nc
Nf
N1
Nc N1 N2 Nn-1
2 – N1
No e that he fu d en al nd anti-fu damen al r pres ntations ave he same c ntributions to
the ’ Hooft anomalies. Whil gauge anomaly cancellation is req i d for consistent gauge theory,
global sym etry m y be nomalous. In th IR, th curren of th global symmetry of Lie algebra
f c be h lomorphic r n i-holomorphic, i.e. l ft- o rig t-movi g. Then the c rresponding global
symmetry ca be nh nc d to the affine Lie lgebra f̂ of level |2Af| which act in the holomorphic or
anti-h l m rp ic sec or of the associated CFT dependi g on the sign of he anomaly coefficient Af.
**TODO: C ck the Abelian anomali s. In
Mohri:1997ef
[11] th theories on D1-br nes at singularities the
o -v n shin Abelian gauge omalies are shown to b cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lx
[12] the addition of appr priate m tter cancels the on-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary cond tions in 3d N = 2 theor , he anomaly coefficient also
e e ves c nt ibution from bulk fields. Th y ve alf of the contri utions as those from boundary
fields
Dimof e:2017tpi
[8]:
3d N = 2 mul iplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge mult plet b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Bra e configurations
sub ec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] c nfigurations of D3-branes and 5-branes were sed to construct 3d N = 4 supersymmetric
gauge theories. In is s c ion we will ge eralize the e bra e configurations to construct 2d N = (0, 4)
supersymm tri gaug theories. We consider Type IIB superstring theory in Minkowski spacetime
with ime coo din t x0 nd space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erat d by left- a d right-moving world-shee egre s of freedom. They s tisfy the chirality conditions
of Type IIB superstring theory: Γ = L, = QR where Γ = Γ0 · · ·Γ9.
We int o uce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in ( 0, x1, x2 x7, x8, x9) directions, NS5′-b an s with world-volumes in (x0, x1,
x6, x7, 8, 9) directi ns, D5′-b anes with wo ld-volumes in (x0, x1, x3, x4, x5, x6) irections, and
D3-branes in ( 0 1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2. ) 04_brane1
All the brane share the (x0, x1) dire tions. W will cons de the cas in which the D3-branes are
bounded by all th 5-bra es i the (x2, x6) directions. Accordi g to the Ka za-Klein reduction in
these two dire ions, th world-volume the ies on the D3-branes therefore a e macr scopically two
dimensional.
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Nn
n – Nn-1 – Nn3 – N2 Nn-1 – Nn-2
n+1
Figure 1: Brane construction of 3d N = 4 U(Nc) gauge theory with Nf hypermultiplets and that of
3d N = 4 ∏ni=1 U(Ni) linear quiver gauge theory with bi-fundamental hypermultiplets. The numbers
with red color indicate the linking numbers.
where N,D b.c. stand for the Neumann and Dirichlet boundary condition for 3d N = 2 chiral
multiplet scalar fields and N ,D b.c. imply the Neumann and Dirichlet boundary conditions for 3d
gauge field.
As discussed in section 2.2.5, gauge anomaly needs to be cancelled. Otherwise, the Neumann
boundary condition for gauge field is not consistent. For example, the boundary gauge anomaly
polynomial for 3d N = 4 U(Nc) gauge theory with Nf fundamental hypermultiplets obeying (N , N)
boundary condition is given by
I(Nc)−[Nf ](N ,N) = −(Nf − 2Nc) Tr(s2) (3.15)
where s is the field strength of U(N) gauge field. The boundary anomaly polynomial for 3d N = 4∏n
i U(Ni) linear quiver gauge theory with bi-fundamental hypermultiplets obeying (N , N) boundary
conditions is
I(N1)−(N2)−···(Nn)(N ,N) = (−N2 + 2N1) Tr(s21) +
n−1∑
i=2
(2Ni −Ni−1 −Ni+1) Tr(s2i ) + (−Nn−1 + 2Nn) Tr(s2n)
(3.16)
where si is the field strength of U(Ni) gauge field.
As shown in Figure 1, the 3d N = 4 U(Nc) gauge theory with Nf hypers can be constructed as
a world-volume theory of stack of Nc D3-branes intersecting with Nf D5-branes stretched between
two NS5-branes. Also the 3d N = 4 ∏ni=1 U(Ni) linear quiver gauge theory with bi-fundamental
hypermultiplets can be realized as n sets of Ni D3-branes suspended between (n + 1) NS5-branes.
We observe that
the boundary non-Abelian gauge anomaly coefficient is encoded as the difference of linking
numbers of the corresponding right and left NS5-branes.
The gauge anomaly cancellation can be achieved by introducing two-dimensional boundary degrees
of freedom which are charged under the gauge symmetry. It can be seen that this is naturally
achieved by considering consistent linking number of boundary NS5′-branes and making use of our
identification of matter multiplets in brane box configuration.
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3.4 Brane box configuration
Furthermore, we introduce several NS5- and NS5′-branes which bound the D3-branes at a finite
distance in both x6 and x2 directions. This configuration leads to two-dimensional N = (0, 4) quiver
gauge theory in which each box of N D3-branes defines U(N) gauge symmetry factor. The gauge
coupling of the gauge theory is given by
1
e2
=
∆x2∆x6
gs
(3.17)
where gs is the string coupling. ∆x
6 and ∆x2 are the distance of two NS5-branes along x6 and that
of two NS5′-branes along x2. We call this brane box model. In the following section, we study the
resulting N = (0, 4) quiver gauge theory by identifying the matter content and interactions.
4 D1-D5-KK system
Now we would like to study N = (0, 4) quiver gauge theory which is constructed from a periodic
array of D3-branes in (x2, x6) plane. In this section we analyze the spectrum of brane tiling model
by taking the T-dual configuration [28].
The T-duality along x6 turns the k NS5-branes into k Kaluza-Klein (KK) monopoles which can
be described by a multi-centered Taub-NUT metric with non-trivial geometry along the directions
(x6
′
, x7, x8, x9) where x6
′
is the T-dual coordinate of x6. Since the original k NS5-branes coincide
in the directions (x7, x8, x9), the centers of the corresponding k KK monopoles also coincide. This
means that the geometry contains Ak−1 singularities. Also the T-duality along x6 translates the
D3-branes, D5-branes and D5′-branes into D2-branes, D6-branes and the D4′-branes respectively.
Similarly the T-duality along x2 directions translates the k′ NS5′-branes into the k′ KK monopoles
extending along (x0, x1, x6
′
, x7, x8, x9) with non-trivial geometry along (x2
′
, x3, x4, x5). Again since
the centers of KK monopoles coincide, the space-time contains Ak′−1 singularities. Under the T-
duality along x2, the D2-branes, D6-branes and D4′-branes turn into D1-branes, D5-branes and
D5′-branes respectively. Consequently the T-dual configuration is the D1-D5-KK system:
0 1 2′ 3 4 5 6′ 7 8 9
D1 ◦ ◦ − − − − − − − −
KK ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ − − − − ◦ ◦ ◦ ◦
KK′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ ◦ ◦ ◦ ◦ − − − −
(4.1)
Before orbifolding, the configuration (4.1) is invariant under the space-time symmetry SO(1, 1)0,1
× SO(4)2′345 × SO(4)6′789. Let (A˜, A˜′) and (A,A′) represent the 2’s of the SU(2)C ×SU(2)′C ∼=
SO(4)2′345 and those of the SU(2)H × SU(2)′H ∼= SO(4)6′789. Here the SU(2)C × SU(2)H is the
R-symmetry group in the N = (0, 4) gauge theories in such a way that SU(2)C rotates the twisted
hypermultiplet scalars while the SU(2)H rotates the hypermultiplet scalars.
4.1 D1-branes on C2/Zk × C2/Zk′
4.1.1 N = (0, 2) quiver
Let us firstly consider the configuration in which D1-branes probing C2/Zk × C2/Zk′ . This corre-
sponds to the T-dual D3-brane box model where neither D5- nor D5′-branes exist. Generically the
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two-dimensional low-energy effective world-volume theory would preserve N = (0, 4) supersymmetry.
To identify the gauge theory on D1-branes at singularity, we start from the N D1-branes over C4
and use the technique developed in [29]. The world-volume theory is 2d N = (8, 8) supersymmetric
U(N) gauge theory. In terms of N = (0, 2) supermultiplets, it consists of N = (0, 2) gauge multiplet
Υ, four N = (0, 2) adjoint chiral multiplets R, L, U and D, and three N = (0, 2) adjoint Fermi
multiplets ∆, ∇ and Λ. We introduce four complexifed coordinates z1 = x6′ + ix7, z2 = x8 + ix9,
z3 = x
2′ + ix3, z4 = x
4 + ix5. In terms of N = (0, 2) supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D ·R−R ·D = 0
∇ : U ·R−R · U = 0 D · L− L ·D = 0
Λ : R · L− L ·R = 0 D · U − U ·D = 0.
(4.2)
Here and in the following · stands for appropriate index contraction which includes gauge and global
symmetry groups.
Let us take generators of orbifold group labeled by (a, k− a, 0, 0) and (0, 0, b, k′ − b) where a ≤ k,
b ≤ k′ are positive integers. They act on the complex coordinates as
z1 7→ e 2piaik z1, z2 7→ e− 2piaik z2, z3 7→ e 2pibik′ z3, z4 7→ e− 2pibik′ z4. (4.3)
Since the action of orbifold on the Chan-Paton factor is RCP = N(
⊕
I RI) where RI is one-
dimensional unitary representation of orbifold, the orbifold turns the gauge symmetry group into
[18]
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (4.4)
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (4.3), they are represented as
Rij : j = i+ (a, 0) mod (k, k
′)
Lij : j = i+ (−a, 0) mod (k, k′)
U ij : j = i+ (0, b) mod (k, k
′)
Dij : j = i+ (0,−b) mod (k, k′). (4.5)
According to the form of interaction terms (4.2) and chiral fields (4.5) in the presence of orbifold,
three N = (0, 2) Fermi multiplets transform under the gauge group (4.4) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (4.6)
Each of kk′ boxes involves four N = (0, 2) chiral multiplets and three N = (0, 2) Fermi multiplets
so that in total there exist 4kk′ N = (0, 2) chiral multiplets and 3kk′ N = (0, 2) Fermi multiplets in
the quiver gauge theory. The basic building block of the N = (0, 4) quiver gauge theories in terms of
N = (0, 2) quiver is depicted in Figure 2.
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supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The basic building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form the bi-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The basic building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form the bi-fundamental (0, 4)
hypermultiplets while the oth r two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundam ntal (0, 4) twisted hypermultiple s. The three (0, 2) Fermi ultiple s split i to two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold grou actio to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fer i multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The basic building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form the bi-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+ 0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod ( , k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The basic building block of the 0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form t e bi-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fer i ultiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- nd E- erms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
13
supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · = 0 · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral m ltiplets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The basic buil ing bl ck of the (0, 4) quiver g uge theories are shown in Figur
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form the bi-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to ver ical arrows will combine into
the bi-funda en al (0, 4) twisted hyp rmultiplets. The thre (0, 2) Fermi multiplets split into two
typ . Th two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-ter s
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+( a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
13
supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a, a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motio s of D -branes in 1, z2, z3 and z4 respec ively, it follows that under
the orbifold action (
orb1a
2.16), th y are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = + (0,−b) m (k, k′). (2.18) orb1b
ccording to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
ee (0, 2) Fermi multiplets transform und r the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ ( a, b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fer i multiplets and in total
there exist 4kk′ (0, 2) chir l multiplets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The basic building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form the bi-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- nd E-terms
J : ∆i+(−a,b),i Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i (−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b , +(a,b) −R ,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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supermultiplets, J- and E terms a e given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D U U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge ymmetry roup into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod k k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral mult pl ts and thre (0, 2) Fermi multiplets an in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi mul iplets in he quiver gauge theory.
The basic building block of the (0, 4) quiv r gauge heories e h wn in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to orizontal ar o s will form the bi-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiple s. The three (0, 2) Fermi multipl split in o two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will b romoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(− ,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i (2.21
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i (a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b ,i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23
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Figure 2: N = (0, 2) quiver for b sic building block of N = (0, 4) quiver gauge theory. A circular
node represents the N = (0, 2) gauge multiplet. A pair of blue arrows of N = (0, 2) chiral multiplets
(R,L) form N = (0, 4) hypermultiplet. A pair of green arrows of the chiral multiplets ( , D) form
N = (0, 4) twisted hypermultiplet. Red diagonal lines ∆ and ∇ are the N = (0, 2) Fermi multiplets.
A red loop of adjoint N = (0, 2) Fermi multiplet Λ is involved in N = (0, 4) vector multiplets.
supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are repr sented as
Ri,j : j = i+ (a, 0) od (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
th ee (0, ) Fermi multiplets transform u er t e gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The basic building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form the bi-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contracti n which include gauge a d flavor symmetry groups.
Let us take orbifold group action o be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral ultiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
j _88
2.15) and chir l fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transfor under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral mult plets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The bas c building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form the bi-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+( a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)U +(a,0),i+(a,b)
)
(2.22
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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supermultiplets, J- and E terms are given y
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take or ifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
T e orbifold turns th g uge sy metry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0, b) mod (k,
′ . (2.18) orb1b
According to the form of interacti n terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆ ,j : j = i (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chir l multiplets and three 2) Fermi multiplets and in total
here exist 4kk′ (0, 2) chiral multiple s and 3kk′ (0, 2) Fer i multiplets in the quiver gauge theory.
The b sic building block of the (0, 4) quiver ga ge theories a shown in F gure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will fo m the i-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fermi multiplets split into wo
types. The t o (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b
(
Di+(a,b),i+(a,0)L (a,0),i − Li a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · − L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-bra es in z , z2, z3 and z4 respectively, it follows that under
the orbifold ction (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) od (k, k′). (2 18) orb1b
According to the form of interaction terms
je_88
2.15) and chiral fields
orb1b
2.18 in the pres nce of orbifold,
thre (0, 2) Fermi mul iplets transform under the auge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi ultiplets in the quiver gauge theory.
The basic building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form the bi-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted ypermultiplets. The three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They prod ce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a, ,i+(a,0)Li+(a,0) i − L (a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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Figure 3: (i) Blue line of N = (0, 4) hyper and green line of N = (0, 4) twisted hyper ultiplets. (ii)
The corresponding pairs of N = (0, 2) chiral multiplets (R,L) and (U,D).
4.1.2 N = (0, 4) quiver
Now we would like to construct N = (0, 4) quiver. From the discussion in section 2.2, the N =
(0, 2) supermultiplets appearing in N = (0, 2) quiver of Figure 2 should be pr moted to N = (0, 4)
supermultiplets in a consistent way.
The N = (0, 2) chiral multiplets always appear as a pair of arrows wit opposite orientations
between adjacent gauge nodes. The pair of N = (0, 2) chi al multiplets Rij and Lij corresponding to
horizontal arrows will form the bi-fundamentalN = (0, 4) hypermultiplets while the pair ofN = (0, 2)
chiral multiplets U ij and D
i
j corresponding to vertical rrows will combine int the bi-funda ental
N = (0, 4) twisted hypermultiplets (see Figure 3).
Meanwhile, the three N = (0, 2) Fermi multiplets split into two types. Two N = (0, 2) multiplets
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supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The basic building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form the bi-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The basic building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form the bi-fundamental (0, 4)
hypermultiplets while the ther two Ui,j and Di,j corresponding to vertical arrows will combin into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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Figure 4: (i) A V-shaped configuration of Fermi multiplet in the N = (0, 4) quiver diagram. (ii) The
corresponding pair of N = (0, 2) Fermi multiplets (∆,∇) in the N = (0, 2) quiver diagram.
∆ij and ∇ij represented as diagonal red edges produce the following J- and E-terms:
J : ∆i,i+(a,−b)
(
Li+(a,−b)i+(0,−b)U i+(0,−b)i − U i+(a,−b)i+(a,0)Li+(a,0)i
)
,
E : ∆i+(a,−b),i
(
Dii+(0,−b)Ri+(0,−b)i+(a,−b) −Rii+(a,0)Di+(a,0)i+(a,−b)
)
,
J : ∇i,i−(a,b)
(
U i−(a,b)i−(a,0)Ri−(a,0)i −Ri−(a,b)i−(0,b)U i−(0,b)i
)
,
E : ∇i−(a,b),i
(
Dii−(0,b)Li−(0,b)i−(a,b) − Lii−(a,0)Di−(a,0)i−(a,b)
)
. (4.7)
They give rise to the interaction terms between N = (0, 4) hypermultiplets and N = (0, 4) twisted
hypermultiplets. Unlike the N = (0, 2) chiral multiplets, the N = (0, 2) Fermi multiplets do not
appear as a pair of arrows but rather a pair of links forming a V-shaped configuration as shown in
Figure 4. We identify them with the Fermi multiplet in N = (0, 4) quiver.
The four types of interactions (4.7) can be easily read from closed loops in quiver diagram. For
each of red edges ∆i,i+(a,−b) and ∇i,i−(a,b) in the Fermi multiplet, one c n draw two triangles sharing
the corresponding edge. Given the orientation of the Fermi edge, the triangles lead to two closed loops.
If the orientation is directed from i to i+ (a,−b) or to i− (a, b), the two loops contribute to J-terms
associated to the corresponding Fermi multiplet. If the orientation is opposite, they contribute to the
E-terms. Assigning positive and negative signs for clockwise and anti-clockwise loops respectively,
we obtain the E- and J-terms (4.7) for ∆i,i+(a,−b) and ∇i,i−(a,b) (see Figure 5).
The remaining N = (0, 2) Fermi multiplets Λij sketched as the circular red edges transform as
adjoint representation under the corresponding gauge group. They lead to J- and E-terms
J : Λi,i
(
Rii+(a,0)L
i+(a,0)
i − Lii+(−a,0)Ri+(−a,0)i
)
, (4.8)
E : Λi,i
(
Dii+(0,−b)U i+(0,−b)i − U ii+(0,b)Di+(0,b)i
)
. (4.9)
The J-terms (4.8) describe the interaction between hypermultiplets while the E-terms (4.9) describe
the interaction between twisted hypermultiplets. These Fermi multiplets will combine with the N =
(0, 2) gauge multiplets to form the N = (0, 4) vector multiplets. We represent the N = (0, 4) vector
multiplet as an orange node (see Figure 6).
Here we can summarize a simple dictionary between the N = (0, 2) quiver and N = (0, 4) quiver
as follows:
• A circular orange node of N = (0, 4) vector multiplet consists of N = (0, 2) gauge node and
N = (0, 2) adjoint Fermi multiplet Λ. The map is shown in Figure 6.
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supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The basic building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form the bi-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The basic building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form the bi-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edg s will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for app opria e index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7 e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi ulti let tra sform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The basic building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral mult plets Ri,j nd Li,j corresponding to horizontal arrows will form the bi-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-brane in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Ea h kk′ boxes involves four (0, 2) c iral multiplets and hree (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The basic building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form the bi-funda ental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. T e three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · sta ds for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
According to the form of interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) orb1c
Each of kk′ boxes nvolves four (0, 2) chiral multiplets and three (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi multiplets in the quiver gauge theory.
The basic building block of the (0 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to h rizont l arrows will form the bi-fundament (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li (a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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supermultiplets, J- and E terms are given by
J E
∆ : L · U − U · = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · sta ds for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordin tes as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbk′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symmetry group into
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) mod (k, k
′)
Li,j : j = i+ (− , 0) mod (k, k′
Ui,j : j = i+ (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) orb1b
Accord ng to the fo m f interaction terms (
je_88
2.15) and chiral fields (
orb1b
2.18) in the presence of orbifold,
thr e (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a,−b) mo (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod k, k
′). (2.19) orb1c
Each of kk′ b xes involves four (0, 2) chiral mul ipl ts and three (0, 2) Ferm multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fermi multipl ts in the quiver gauge theory.
The basic building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multiplets Ri,j and Li,j corresponding to horizontal arrows will form the bi-fundamental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+(−a,0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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configuration is depicted in Figure
fig_d3d5d5
10. There is a single box of D3-branes surrounded by a NS5-brane
and NS5′-brane. Besides, there are Nf D5-branes and N ′f D5
′-branes.
3.3 D1-D5-D5′ branes on C2/Zk ×C2/Zk′
sec_d1d5d5zkzk
Generic brane box configuration consisting of a grid of k NS5-branes and k′ NS5′-branes is T-dual of
D1-D5-D5′ brane system on the singularity C2/Zk × C2/Zk′ . For simplicity we will concentrate on the
generator of orbifold group labeled by (1, 1, 0, 0) and (0, 0, 1, 1). In order for the SU(2)C × SU(2)H
R-symmetry of (0, 4) supersymmetry to be preserved, the orbifold groups Zk and Zk′ should be
embedded in SU(2)′H and SU(2)
′
C respectively
Zk ⊂ SU(2)′H ⊂ SO(4)6′789,
Zk′ ⊂ SU(2)′C ⊂ SO(4)2′345. (3.36) emb_orb
In addition to the restriction on fields from D1-D1 strings, which we have already seen, there is a
further restriction on fields from D1-D5 strings, D1-D5′ strings and D5-D5′ strings. The action of Zk′
should be embedded in the Chan Paton factors of Nf D5-branes and that of Zk should be embedded
in the Chan Paton factors of N ′f D5
′-branes so that flavor symmetry group is
GF =
k∏
i1=1
SU(N ′f )i1
k′∏
i2=1
SU(Nf )i2 . (3.37) zkzk_gf
From (
d1d5a_modes
3.28)-(
d5d5_modes
3.34) we see that only orbifold actions on (0, 4) Fermi multiplets from D1-D5 strings
and from D1-D5′ strings are non-trivial, that is (ξia, ξ˜
a
i ) transforming as 2 under the SU(2)
′
C and
(ζia˜, ζ˜
a˜
i ) trasforming as 2 under the SU(2)
′
H . Let a˜i1 = 1, · · · , N ′f and ai2 = 1, · · · , Nf stand for i1-th
SU(Nf )
′ flavor indices and i2-th SU(Nf ) flavor indices respectively. Under the gauge group (
zkzk_g
3.4)
and flavor symmetry group (
zkzk_gf
3.37) these Fermi multiplets transform as
ξia : (i; a) = (i1, i2; ai2+1)
ξ˜ai : (i; a) = (i1, i2; ai2−1)
ζia˜ : (i; a˜) = (i1, i2; a˜i1+1)
ζ˜ a˜i : (i; a˜) = (i1, i2; a˜i1−1). (3.38) fm_d1d5zk
The E- and J-terms (
je_d1d5
3.30) associated to (ξia, ξ˜i ) and the E- and J-terms (
je_d1d5’
3.33) associated to
(ζia˜, ζ˜
a˜
i ) become
J E
ξ
(i1,i2)
ai2+1
H˜
ai2+1
(i1,i2+1)
· D(i1,i2+1)(i1,i2) = 0 U (i1,i2)(i1,i2+1) · H(i1,i2+1)ai2+1 = 0
ξ˜
ai2−1
(i1,i2)
: D(i1,i2)(i1,i2−1) · H(i1,i2−1)ai2−1 = 0 −H˜
ai2−1
(i1,i2−1) · U (i1,i2−1)(i1,i2) = 0
ζ
(i1,i2)
˜i1+1
: T˜
a˜ 1+1
(i1+1,i2)
· L(i1+1,i2)(i1,i2) = 0 R(i1,i2)(i1+1,i2) · T (i1+1,i2)a˜i1+1 = 0
ζ˜
a˜i1−1
(i1,i2)
: L(i1,i2)(i1−1,i2) · T (i1−1,i2)a˜i1−1 = 0 −T˜
a˜i1−1,ai2
(i1−1,i2) · R(i1−1,i2)(i1,i2) = 0
. (3.39) je_d1d5kk
We give a quiver diagram for adding Nf D5- and N
′
f D5
′-branes to D1-branes on Zk × Zk′ in
Figure
fig_04quiver_1
11. Each of k′ blue square boxes which are horizontally aligned represent the SU(Nf ) flavor
symmetry while each of k green square boxes which are vertically aligned represent the SU(N ′f ) flavor
4This is T-dual configuration of D0-D8 brane system
Banks:1997zs, Bachas:1997kn
[22, 23].
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configuration is depicted in Figure
fig_d3d5d5
10. There is a single box of D3-branes surrounded by a NS5-brane
and NS5′-brane. Besides, there are Nf D5-branes and N ′f D5
′-branes.
3.3 D1-D5-D5′ branes on C2/Zk ×C2/Zk′
sec_d1d5d5zkzk
Generic brane box configuration consisting of a grid of k NS5-branes and k′ NS5′-branes is T-dual of
D1-D5-D5′ brane system on the singularity C2/Zk × C2/Zk′ . For simplicity we will concentrate on the
generator of orbifold group labeled by (1, 1, 0, 0) and (0, 0, 1, 1). In order for the SU(2)C × SU(2)H
R-symmetry of (0, 4) supersymmetry to be preserved, the orbifold groups Zk and Zk′ should be
embedded in SU(2)′H and SU(2)
′
C respectively
Zk ⊂ SU(2)′H ⊂ SO(4)6′789,
Zk′ ⊂ SU(2)′C ⊂ SO(4)2′345. (3.36) emb_orb
In addition to the restriction on fields from D1-D1 str gs, w ich we have already seen, th re is a
further restriction on fields from D1-D5 strings, D1-D5′ strings and 5-D5′ strings. The action of Zk′
should be embedded in the Chan Paton factors of Nf D5-branes and that of Zk should be embedded
in the Chan Paton factors of N ′f D5
′-branes so that flavor symmetry group is
GF =
k∏
i1=1
SU(N ′f )i1
k′∏
i2=1
SU(Nf )i2 . (3.37) zkzk_gf
From (
d1d5a_modes
3.28)-(
d5d5_modes
3.34) we see that only orbifold actions on (0, 4) Fermi multiplets from D1-D5 strings
and from D1-D5′ strings are non-trivial, that is (ξia, ξ˜
a
i ) transforming as 2 under the SU(2)
′
C and
(ζia˜, ζ˜
a˜
i ) trasforming as 2 under the SU(2)
′
H . Let a˜i1 = 1, · · · , N ′f and ai2 = 1, · · · , Nf stand for i1-th
SU(Nf )
′ flavor indices and i2-th SU(Nf ) flavor indices respectively. Under the gauge group (
zkzk_g
3.4)
and flavor symmetry group (
zkzk_gf
3.37) these Fermi multiplets transform as
ξia : (i; a) = (i1, i2; ai2+1)
ξ˜ai : (i; a) = (i1, i2; ai2−1)
ζia˜ : (i; a˜) = (i1, i2; a˜i1+1)
ζ˜ a˜i : (i; a˜) = (i1, i2; a˜i1−1). (3.38) fm_d1d5zk
The E- and J-terms (
je_d1d5
3.30) associated to (ξia, ξ˜
a
i ) and the E- and J-terms (
je_d1d5’
3.33) associated to
(ζia˜, ζ˜
a˜
i ) become
J E
ξ
(i1,i2)
ai2+1
: H˜
ai2+1
(i1,i2+1)
· D(i1,i2+1)(i1,i2) = 0 U (i1,i2)(i1,i2+1) · H(i1,i2+1)ai2+1 = 0
ξ˜
ai2−1
(i1,i2)
: D(i1,i2)(i1,i2−1) · H(i1,i2−1)ai2−1 = 0 −H˜
ai2−1
(i1,i2−1) · U ( 1,i2−1)(i1,i2) = 0
ζ
(i1,i2)
a˜i1+1
: T˜
a˜i1+1
(i1+1,i2)
· L(i1+1,i2)(i1,i2) = 0 R(i1,i2)(i1+1,i2) · T (i1+1,i2)a˜i1+1 = 0
ζ˜
a˜i1−1
(i1,i2)
: L(i1,i2)(i1−1,i2) · T (i1−1,i2)a˜i1−1 = 0 −T˜
a˜i1−1,ai2
(i1−1,i2) · R(i1−1,i2)(i1,i2) = 0
. (3.39) j _d1d5kk
We give a quiver diagram for adding Nf D5- and N
′
f D5
′-branes to D1-branes on Zk × Zk′ in
Figure
fig_04quiver_1
11. Each of k′ blue square boxes which are horizontally align d represent the SU(Nf ) flavor
symmetry while each of k green square boxes which are vertically aligned represent the SU(N ′f ) flavor
4This is T-dual configuration of D0-D8 brane system
Banks:1997zs, Bachas:1997kn
[22, 23].
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R-symmetry group in the N = (0, 4) gauge theories in such a way that SU(2)C rotates the twisted
hypermultiplet scalars while the SU(2)H rotates the hypermultiplet scalars.
4.1 D1-branes on C2/Zk × C2/Zk′
subsec_d1zkzk
4.1.1 N = (0, 2) quiver
subsec_02quiver
Let us firstly consider the configuration in which D1-branes probing C2/Zk × C2/Zk′ . This corre-
sponds to the T-dual D3-brane box model where neither D5- nor D5′-branes exist. Generically the
two-dimensional low-energy effective world-volume theory would preserve N = (0, 4) supersymmetry.
To identify the gauge theory on D1-branes at the singularity, we will start from the N D1-
branes over C4 and use the technique developed in
Franco:2015tna
[18]. The world-volume theory is 2d N = (8, 8)
supersymmetric U(N) gauge theory. In terms of N = (0, 2) supermultiplets, it consists of N = (0, 2)
gauge multiplet U , four N = (0, 2) adjoint chiral multiplets R, L, U and D, and three N = (0, 2)
adjoint Fermi multiplets ∆, ∇ and Λ. We introduce four complexifed coordinates z1 = x6′ + ix7,
z2 = x
8 + ix9, z3 = x
2′ + ix3, z4 = x
4 + ix5. In terms of N = (0, 2) supermultiplets, J- and E terms
are given by
J E
∆ : L · U − U · L = 0 D ·R−R ·D = 0
∇ : U ·R−R · U = 0 D · L− L ·D = 0
Λ : R · L− L ·R = 0 D · U − U ·D = 0
(4.2) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take generators of orbifold group labeled by (a, k− a, 0, 0) and (0, 0, b, k′ − b) where a ≤ k,
b ≤ k′ are positive integers. They act on the complex coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (4.3) orb1a
Since the action of orbifold on the Chan-Paton factor is RCP = N(
⊕
I RI) where RI is one-
dimensional unitary representation of orb fold, he orbifold turns the gauge symmetry group into
Douglas:1996sw
[19]
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (4.4) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
4.3), they are represented as
Rij : j = i+ (a, 0) mod (k, k
′)
Lij : j = i+ (−a, 0) mod (k, k′)
U ij : j = i+ (0, b) mod (k, k
′)
Dij : j = i+ (0,−b) mod (k, k′). (4.5) orb1b
According to the form of interaction terms (
je_88
4.2) and chiral fields (
orb1b
4.5) in the presence of orbifold,
three N = (0, 2) Fermi multiplets transform under the gauge group (zkzk_g4.4) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (4.6) orb1c
14
R-symmetry group in the N = (0, 4) gauge theories in such a way that SU(2)C rotates the twisted
hypermultiplet calars while the SU(2)H rotates the hypermultiplet scalars.
4.1 D1-branes on C2/Zk × C2/Zk′
subsec_d1zkzk
4.1.1 N = (0, 2) quiver
subsec_02quiver
Let us firstly consider the configuration in which D1-branes probin C2/Zk × C2/Zk′ . This corre-
sponds to the T-dual D3-brane box model where neither D5- nor D5′-branes exist. Generically the
two-dimensional low-energy effective world-volume theory would preserve N = (0, 4) supersymmetry.
To identify the gauge theory on D1-branes at the singularity, we will start from the N D1-
branes over C4 and use the technique developed in
Franco:2015tna
[18]. The world-volume theory is 2d N = (8, 8)
supersymmetric U(N) gauge theory. In terms of N = (0, 2) supermultiplets, it consists of N = (0, 2)
g uge multipl t U , four N = (0, 2) adjoint chiral multiplets R, L, U and D, and three N = (0, 2)
adjoint Fermi multiplets ∆, ∇ and Λ. We introduce four complexifed coordinates z1 = x6′ + ix7,
z2 = x
8 + ix9, z3 = x
2′ + ix3, z4 = x
4 + ix5. In terms of N = (0, 2) supermultiplets, J- and E terms
are given by
J E
∆ : L · U − U · L = 0 D ·R−R ·D = 0
∇ : U ·R−R · U = D · L− L ·D = 0
Λ : R · L− L ·R = 0 D · U − U ·D = 0
(4.2) je_88
where · stands for appropriate index contractio which include gauge and flavor symmetry groups.
Let us take generators of orbifold group labeled by (a, k− a, 0, 0) and (0, 0, b, k′ − b) where a ≤ k,
b ≤ k′ are positive integers. They act on the complex c ordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ 2πbik′ z3, z4 7→ e− 2πbik′ z4. (4.3) orb1a
Since the action of orbifold on the Chan-Paton factor is RCP = N(
⊕
I RI) where RI is one-
dimensional unitary representation of orbifold, the orbifold turns the gauge symmetry group into
Douglas:1996sw
[19]
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (4.4) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes n z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
4.3), they are represented as
Rij : j = i+ (a, 0) mod (k, k
′)
Lij : j = i+ (−a, 0) mod (k, k′)
U ij : j = i+ (0, b) mod (k, k
′)
Dij : j = i+ (0,−b) mod (k, k′ . (4.5) orb1b
According to the form f interaction terms (
je_88
4.2) and chiral fields (
orb1b
4.5) in th pre ence of orbifold,
three N = (0, 2) Fermi multiplets transform under the gauge group (zkzk_g4.4) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λ ,j : j = i mod (k, k
′). (4.6) orb1c
14
R- y m try group in the N = (0, 4) gauge theories in such a way that SU(2)C rotates the twisted
hypermultiplet scalars while the SU(2)H rotates the hypermultiplet scalars.
4.1 D1-branes on C2/Zk × C2/Zk′
subsec_d1zkzk
4.1.1 N = (0, 2) quiver
subsec_02quiver
Let us firstly consider the configuration in which D1-branes probing C2/Zk × C2/Zk′ . This corre-
sponds to the T-dual D3-brane box model where neither D5- nor D5′-branes exist. Generically the
two-dimensional low-energy effective world-volume theory would preserve N = (0, 4) supersymmetry.
To identify the gauge theory on D1-branes at the singularity, we will start from the N D1-
branes over C4 and use the technique developed in
Franco:2015tna
[18]. The world-volume theory is 2d N = (8, 8)
supersymmetric U(N) gauge theory. In terms of N = (0, 2) supermultiplets, it consists of N = (0, 2)
gauge multiplet U , four N = (0, 2) adjoint chiral multiplets R, L, U and D, and three N = (0, 2)
adjoint Fermi multiplets ∆, ∇ and Λ. We introduce four complexifed coordinat s z = x6′ + ix7,
z2 = x
8 + ix9, z3 = x
2′ + ix3, z4 = x
4 + ix5. In terms of N = (0, 2) supermultiplets, J- and E terms
are given by
J E
∆ : L · U − U · L = 0 D ·R−R ·D = 0
∇ : U ·R−R · U = 0 D · L− L ·D = 0
Λ : R · L− L ·R = 0 D · U − U ·D = 0
(4.2) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take generators of orbifold gr up labele by (a, k− a, 0, 0) and (0, 0, b, k′ − b) where ≤ k,
b ≤ k′ are positive integers. They act on the complex coordinates as
z1 7→ e 2πaik z1, z2 7→ e− πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (4.3) orb1a
Since the action of orbi ld on the Chan-Paton factor is RCP = N(
⊕
I RI) where RI is ne-
dimensional unitary representation of orbifold, the orbifold turns the gauge symmetry group into
Douglas:1996sw
[19]
G =
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (4.4) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the bif ld action (
orb1a
4.3), they are presented as
R j : j = i+ (a 0) mod (k, k
′)
Lij : j = i+ (−a, 0) mod (k, k′)
U ij : j = i+ (0, b) mod (k, k
′)
Dij : j i+ (0,−b) mod (k, k′). (4.5) orb1b
According t the form of interaction terms (
je_88
4.2) and chiral fields (
orb1b
4.5) in th presence of orbifold,
three N = (0, 2) Fermi multiplets transform under the gauge group (zkzk_g4.4) as
∆i,j : j = i+ (a,−b) mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (4.6) orb1c
14
R-symmetry group in the N = (0, 4) gauge theories in such a way that SU(2)C rotates the twisted
hypermultiplet scalars while the SU(2)H rotates the hypermultiplet scalars.
4.1 D1-branes on C2/Zk × C2/Zk′
subsec_d1zkzk
4.1.1 N = (0, 2) quiver
subsec_02quiver
Let us firstly consider the configuration in which D1-branes probing C2/Zk × C2/Zk′ . This corre-
sponds to the T-dual D3-brane box model where neither D5- nor D5′-branes exist. Generically the
two-dimensional low-energy effective world-volume theory would preserve N = (0, 4) supersymmetry.
To identify the gauge theory on D1-branes at the singularity, we will start from the N D1-
branes over C4 and use the technique developed in
Franco:2015tna
[18]. The world-volume theory is 2d N = (8, 8)
supersymmetric U(N) gauge theory. In terms of N = (0, 2) su ermultiplets, it consists of N = (0, 2)
gauge multiplet U , four N = (0, 2) adjoin chiral multiplets , L, U and D, and three N = (0, 2)
adjoint Fermi multiplets ∆, ∇ and Λ. We introduce four complexifed coordinates z1 x6′ + ix7,
z2 = x
8 + ix9, z3 = x
2′ + ix3, z4 = x
4 + ix5. In terms of N = (0, 2) supermultiplets, J- and E terms
are given by
J E
∆ : L · U − U · L = 0 D ·R−R ·D = 0
∇ : U ·R−R · U = 0 D · L− L ·D = 0
Λ : R · L− L ·R = 0 D · U − U ·D = 0
(4.2) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take gen ators of orbifol group labele by (a, k− a, 0, 0) and (0, 0, b, k′ − b) where ≤ k,
b ≤ k′ are positive integers. They act on the complex co rdin tes as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbk′ z4. (4.3) orb1a
Since the action of orbifold on the Chan-Paton factor is RCP = N(
⊕
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Douglas:1996sw
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orb1a
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U ij : j = i+ (0, b) mod (k, k
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According to the form of i teracti n terms (
je_88
4.2) and chiral fields (
orb1b
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Figure 5: Triangular loops of the E- and J-terms in quiver diagram. The positive and negative
signs in the triangles represent the clockwise and anti-clockwise orientations which determine the
contributions to the E- and J-terms.
supermulti lets, J- and E terms are given by
J E
∆ : L · U − U · L = 0 D · R−R · D = 0
∇ : U · R−R · U = 0 D · L− L · D = 0
Λ : R · L− L · R = 0 D · U − U · D = 0
(2.15) je_88
where · stands for appropriate index contraction which include gauge and flavor symmetry groups.
Let us take orbifold group action to be (a,−a, 0, 0) and (0, 0, b,−b), which acts on the complex
coordinates as
z1 7→ e 2πaik z1, z2 7→ e− 2πaik z2, z3 7→ e 2πbik′ z3, z4 7→ e− 2πbik′ z4. (2.16) orb1a
The orbifold turns the gauge symm try group nto
G =
∏
i
U(N)i =
k∏
i1=1
k′∏
i2=1
U(N)i1,i2 (2.17) zkzk_g
where i = (i1, i2), i1 = 1, · · · , k, i2 = 1, · · · , k′ label the gauge nodes. As the chiral multiplets R, L,
U and D describe the motions of D1-branes in z1, z2, z3 and z4 respectively, it follows that under
the orbifold action (
orb1a
2.16), they are represented as
Ri,j : j = i+ (a, 0) m d (k, k
′)
Li,j : j = i+ (−a, 0) mod (k, k′)
Ui,j : j = + (0, b) mod (k, k
′)
Di,j : j = i+ (0,−b) mod (k, k′). (2.18) rb1b
According t the form of inter c ion terms (
je_88
2.15) nd chiral fields (
orb1b
2.18) in the presence of orbifold,
three (0, 2) Fermi multiplets transform under the gauge group (
zkzk_g
2.17) as
∆i,j : j = i+ (a −b mod (k, k′)
∇i,j : j = i+ (−a,−b) mod (k, k′)
Λi,j : j = i mod (k, k
′). (2.19) rb1c
Each of kk′ boxes involves four (0, 2) chiral multiplets and three (0, 2) Fermi multiplets and in total
there exist 4kk′ (0, 2) chiral multiplets and 3kk′ (0, 2) Fe mi multiplets in he quiver gauge theory.
The basic building block of the (0, 4) quiver gauge theories are shown in Figure
fig_04quiver
2. The two (0, 2)
chiral multip ets Ri,j and Li,j corresponding to horizontal arrows will form the bi-funda ental (0, 4)
hypermultiplets while the other two Ui,j and Di,j corresponding to vertical arrows will combine into
the bi-fundamental (0, 4) twisted hypermultiplets. The three (0, 2) Fermi multiplets split into two
types. The two (0, 2) multiplets ∆ij and ∇ij represented as diagonal edges will be promoted to the
(0, 4) Fermi multiplets. They produce J- and E-terms
J : ∆i+(−a,b),i
(
Li,i+(−a,0)Ui+ −a 0),i+(−a,b) − Ui,i+(0,b)Li+(0,b),i+(−a,b)
)
(2.20)
E : ∆i,i+(−a,b)
(
Di+(−a,b),i+(−a,0)Ri+(−a,0),i −Ri+(−a,b),i+(0,b)Di+(0,b),i
)
(2.21)
J : ∇i+(a,b),i
(
Ui,i+(0,b)Ri+(0,b),i+(a,b) −Ri,i+(a,0)Ui+(a,0),i+(a,b)
)
(2.22)
E : ∇i,i+(a,b)
(
Di+(a,b),i+(a,0)Li+(a,0),i − Li+(a,b),i+(0,b)Di+(0,b),i
)
(2.23)
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Figure 6: (i) An or nge node of vector multiplet in N = (0, 4) quiver diagram. (ii) The corresponding
N = (0, 2) gauge node and adjoint Fermi multiplet Λ in N = (0, 2) quiver iagram.
• Blue edge of N (0, 4) hyper and green edge of twisted hypermultiplets in N = (0, 4) quiver
diagram tr slates into pairs of arrows of N = (0, 2) chiral multiplets (R,L) and (U,D) respec-
tively in N = (0, 2) quiver diagram. This is shown in Figure 3.
• V-shaped configuration of the Fermi multiplet appears in N = (0, 4) quiver diagram. This is
shown in Figure 4.
It would be instructive to present both N = (0, 2) quiver and N (0, 4) quiver for 2d N = (8, 8)
supersymmetric gauge theory of D1-branes probing C4. They are shown in Figure 7. The N = (0, 4)
quiv r c ntains a single N = (0, 4) gaug no e, a blue line of N = (0, 4) adjoint hypermultiplet
forming a single loop, a green line of N = (0, 4) adjoint twisted hypermultiplet formin a single loop
and a red V-shaped configuration adjoint Fermi mult plet consisting of two loops.
At this stage we can go back to the brane box configuration. For the case of D1-branes probing
C4, the T-dual configuration is a periodic single box of D3- ranes as shown in Figure 7. It is now
easy to read off the field content in the D3-brane box model. Gauge nodes correspond to a boxes
of D3-branes. To each of gauge nodes there are bivalent blue links as a pair of edges of N = (0, 4)
hypermultiplets, bivalent green links of N = (0, 4) twisted hypermultiplets and a pair of V-shaped
configuration of Fermi multiplets.
Let us see further examples in the following.
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Figure 2: Left: A quiver diagram for D1-branes on C2/Z2 × C2. Right: D3 brane box configuration
with which is T-dual to D1-branes on C2/Z2 × C2.fig_44quiver
decomposes as a (0, 2) gauge multiplet and a (0, 2) adjoint Fermi multiplet. The map is shown
in Figure
fig_04vm_dec
??.
(i) (ii)
• Lines of (0, 4) hyper and twisted hyper multiplets in (0, 4) quiver diagram becomes a bi-
directional line in the N = 1 quiver diagram. This is shown in Figure 2.
3.1.3 C2/Z2 × C2
subsec_d1zkzk
In this case the the gauge group is U(N)1,0 × U(N)2,0. There are eight (0, 2) chiral multiplets
{Ri1,i1+1, Li1,i1−1, Ui1,i1 , Di1,i1}i1=1,2. (3.10) z2_cm
Ri1,i1+1 and Li1,ii−1 transform as bi-fundamental representation under the gauge group U(N)1,0 ×
U(N)2,0 and they form two bi-fundamental (0, 4) hypermultiplets: (R1,2, L2,1) ⊕ (R2,1, L1,2). Ui1,i1
and Di1,i1 transform as adjoint representation under the gauge group and they combine into two
adjoint (0, 4)twisted hypermultiplets: (U1,1, D1,1) ⊕ (U2,2, D2,2).
There are also six (0, 2) Fermi multiplets
{∆i1,i1+1,∇i1,i1−1,Λi1,i1}i1=1,2. (3.11) z2_fm
∆i1,i1+1 and ∇i1,i1−1 transform as bi-fundamental representation under U(N)1,0 × U(N)2,0 and
they are promoted to bi-fundamental (0, 4) Fermi multiplets. Λi1,i1 are adjoint under U(N)1,0 ×
U(N)2,0 and they combine (0, 2) gauge multiplet to form two (0, 4) vector multiplets. The theory
can be encoded by (0, 2) quiver diagram shown in Figure
fig_44quiver
2. As usual, the node corresponds to
each factor of gauge symmetry groups. The blue arrows represent R and L forming bi-fundamental
(0, 4)hypermultiplets and the green loops represent U and D forming bi-fundamental (0, 4)twisted
hypermultiplets. Four red edges between two nodes describe ∆ and ∇ while two red loops are adjoint
Λ.
In addition, (0, 4) supersymmetry is enhanced to (4, 4) in such a way that bi-fundamental (0, 4)
hypermultiplets (R,L) and bi-fundamental (0, 4) Fermi multiplets (U,D) further combine into (4, 4)
hypermultiplets and adjoint (0, 4) twisted hypermultiplets (U,D) and (0, 4) vector multiplets are
promoted to (4, 4) vector multiplets. In the T-dual brane box configuration is shown in Figure
fig_44quiver
2.
This is obtained by the dimensional reduction of the 3d N = 4 quiver gauge theory.
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Figure 6: (i) (0, 4) quiver diagram for D1-branes on C2/Z2 × C2/Z2. (ii) The corresponding (0, 2)
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C2/Z2 × C2/Z2 is given by
G =
2∏
i1=1
2∏
i2=1
U(N)i1,i2 (3.12) z2z2_G
The matter content consists of sixteen (0, 2) chiral multiplets{
Ri,i+(1,0), Li,i+(−1,0), Ui,i+(0,1), Di,i+(0 −1)
}
(3.13) z2z2content
and twelve (0, 2) Fermi multiplets {
∆i,i−(1,1),∇i,i−(1,1),Λi,i
}
. (3.14) z2z2content
where i = (i1, i2) are pairs of modulo 2 gauge indices with i1 = 1, 2 and i2 = 1, 2. The quiver diagram
is shown in Figure
fig_z2z2
6.
The blue and green arro s describe bi-fundamental (0, 4) hyper and twisted hypermultiplets
respectively. The red lines correspond to bi-fundamental (0, 4) Fermi multiplets while the red loop
combine with (0, 2) gauge multiplet into (0, 4) vector multiplets.
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Figure 7: (i) N = (0, 4) quiver diagram for D1-branes probing C4. (ii) The corresponding N = (0, 2)
quiver. (iii) The T-dual configuration as a single periodic box of D3-branes.
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Figure 2: Left: A quiver diagram for D1-branes on C2/Z2 × C2. Right: D3 brane box configuration
with which is T-dual to D1-branes on C2/Z2 × C2.fig_44quiver
decomposes as a (0, 2) gauge multiplet and a (0, 2) adjoint Fermi multiplet. The map is shown
in Figure
fig_04vm_dec
??.
(i) (ii)
• Lines of (0, 4) hyper and twisted hyper multiplets in (0, 4) quiver diagram becomes a bi-
directional line in the N = 1 quiver diagram. This is shown in Figure 2.
3.1.3 C2/Z2 × C2
subsec_d1zkzk
In this case the the gauge group is U(N)1,0 × U(N)2,0. There are eight (0, 2) chiral multiplets
{Ri1,i1+1, Li1,i1−1, Ui1,i1 , Di1,i1}i1=1,2. (3.10) z2_cm
Ri1,i1+1 and Li1,ii−1 transform as bi-fundamental representation under the gauge group U(N)1,0 ×
U(N)2,0 and they form two bi-fundamental (0, 4) hypermultiplets: (R1,2, L2,1) ⊕ (R2,1, L1,2). Ui1,i1
and Di1,i1 transform as adjoint representation under the gauge group and they combine into two
adjoint (0, 4)twisted hypermultiplets: (U1,1, D1,1) ⊕ (U2,2, D2,2).
There are also six (0, 2) Fermi multiplets
{∆i1,i1+1,∇i1,i1−1,Λi1,i1}i1=1,2. (3.11) z2_fm
∆i1,i1+1 and ∇i1,i1−1 transform as bi-fundamental representation under U(N)1,0 × U(N)2,0 and
they are promoted to bi-fundamental (0, 4) Fermi multiplets. Λi1,i1 are adjoint under U(N)1,0 ×
U(N)2,0 and they combine (0, 2) gauge multiplet to form two (0, 4) vector multiplets. The theory
can be encoded by (0, 2) quiver diagram shown in Figure
fig_44quiver
2. As usual, the node corresponds to
each factor of gauge symmetry groups. The blue arrows represent R and L forming bi-fundamental
(0, 4)hypermultiplets and the green loops represent U and D forming bi-fundamental (0, 4)twisted
hypermultiplets. Four red edges between two nodes describe ∆ and ∇ while two red loops are adjoint
Λ.
In addition, (0, 4) supersymmetry is enhanced to (4, 4) in such a way that bi-fundamental (0, 4)
hypermultiplets (R,L) and bi-fundamental (0, 4) Fermi multiplets (U,D) further combine into (4, 4)
hypermultiplets and adjoint (0, 4) twisted hypermultiplets (U,D) and (0, 4) vector multiplets are
promoted to (4, 4) vector multiplets. In the T-dual brane box configuration is shown in Figure
fig_44quiver
2.
This is obtained by the dimensional reduction of the 3d N = 4 quiver gauge theory.
15
Figure 2: Left: A quiver diagram for D1-branes on C2/Z2 × C2. Right: D3 brane box configuration
with which is T-dual to D1-branes on C2/Z2 × C2.fig_44quiver
decomposes as a (0, 2) gauge mul iplet and a (0, 2) adjoint Fermi multiplet. The map is shown
in Figure
fig_04vm_dec
??.
(i) (ii)
• Lines of (0, 4) hyper and twisted hyper multiplets in (0, 4) quiver diagram becomes a bi-
directional line in the N = 1 quiver diagram. This is shown in Figure 2.
3.1.3 C2/Z2 × C2
subsec_d1zkzk
In this case the the gaug group is U(N)1,0 × U(N)2,0. There are eight (0, 2) chiral multiplets
{Ri1,i1+1, Li1,i1−1, Ui1,i1 , Di1,i1}i1=1,2. (3.10) z2_cm
Ri1,i1+1 and Li1,ii−1 transform as bi-f ndamental representation under the gauge group U(N)1,0 ×
U(N)2,0 and they form wo bi-fundamental (0, 4) hypermultiplets: (R1,2, L2,1) ⊕ (R2,1, L1,2). Ui1,i1
and Di1,i1 transform as adjoint repres ntation under the gauge group and they combine into two
adjoint (0, 4)twisted hypermultiplets: (U1,1, D1,1) ⊕ (U2,2, D2,2).
There are also six (0, 2) Fermi multiplets
{∆i1,i1+1,∇i1,i1−1,Λi1,i1}i1=1,2. (3.11) z2_fm
∆i1,i1+1 and ∇i1,i1−1 tra sform as bi-fundamental representation under U(N)1,0 × U(N)2,0 and
they are promoted to bi-fund mental (0, 4) Fermi multiplets. Λi1,i1 are adjoint under U(N)1,0 ×
U(N)2,0 and they combine (0, 2) gauge multiplet to form two (0, 4) vector multiplets. The theory
can be encoded by (0, 2) q iver diagram shown in Figure
fig_44quiver
2. As usual, the node corresponds to
each factor of gauge symmetry groups. The lue arrows represent R and L forming bi-fundamental
(0, 4)hypermultiplets and the green loops represent U an D forming bi-fundamental (0, 4)twisted
hypermultiplets. Four red edges bet een two nodes describe ∆ and ∇ while two red loops are adjoint
Λ.
In addition, (0, 4) supersymmetry is enhanced to (4, 4) in such a way that bi-fundamental (0, 4)
hypermultiplets (R,L) and bi-fundamental (0, 4) Fermi multiplets (U,D) further combine into (4, 4)
hypermultiplets and adjoint (0, 4) twisted hypermultiplets (U,D) and (0, 4) vector multiplets are
promoted to (4, 4) vector multiplets. In the T-dual brane box configuration is shown in Figure
fig_44quiver
2.
This is obtained by the dimensional reduction of the 3d N = 4 quiver gauge theory.
15
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C2/Z2 × C2/Z2 is given by
G =
2∏
i1=1
2∏
i2=1
U(N)i1,i2 (3.12) z2z2_G
The matter content consists of sixteen (0, 2) chiral multiplets{
Ri,i+(1,0), Li,i+(−1,0), Ui,i+(0,1), Di,i+(0,−1)
}
(3.13) z2z2content
and twelve (0, 2) Fermi multiplets {
∆i,i−(1,1),∇i,i−(1,1),Λi,i
}
. (3.14) z2z2content
where i = (i1, i2) are pairs of modulo 2 gauge indices with i1 = 1, 2 and i2 = 1, 2. The quiver d agram
is shown in Figure
fig_z2z2
6.
The blue and green arrows describe bi-fundamental (0, 4) hyper and twisted hypermultiplets
respectively. The red lines correspond to bi-fundamental (0, 4) Fermi multiplets while the red loop
combine with (0, 2) gauge multiplet into (0, 4) vector multiplets.
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Figure 8: (i) N = (0, 4) quiver diagram for D1-branes on C2/Z2 × C2. (ii) The corresponding N =
(0, 2) quiver diagram. (iii) D3 brane box configuration which is T-dual to D1-branes on C2/Z2 ×C2.
4.1.3 C2/Z2 × C2
In this case the gauge group is U(N)1,0 × U(N)2,0. There are eight N = (0, 2) chiral multipl ts
{Ri1 i1+1, Li1 i1−1, U i1 i1 , Di1 i1}i1=1,2. (4.10)
Ri1 i1+1 and L
i1
ii−1 transform as bi-fundamen al repr sentation under the g uge group U(N)1,0 ×
U(N)2,0 and they form two bi-fundamental N = (0, 4) hypermultipl ts: (R12, L21) ⊕ (R21, L12).
U i1 i1 and D
i1
i1 transform as adjoint representation under he gauge group and they combine into
two adjoint N = (0, 4) twiste hypermultiplets: (U11, D11) ⊕ (U22, D22).
There are also six N = (0, 2) Fermi multiplets
{∆i1,i1+1,∇i1,i1−1,Λi1,i1}i1=1,2. (4.11)
∆i1,i1+1 and ∇i1,i1−1 transform as bi-fundamental representation under U(N)1,0 × U(N)2,0. Λi1,i1
are adjoint under U(N)1,0 × U(N)2,0 and they combine N = (0, 2) gauge multiplet to form two
N = (0, 4) vector multiplets.
The theory can be encoded by N = (0, 4) quiver or N = (0, 2) quiver diagram shown in Figure
8. The orange node corresponds to N = (0, 4) vector multiplet for each factor of gauge symmetry
groups. The blue lines describe bi-fundametnal N = (0, 4) hypermultiplets and the blue arrows
represent R and L forming these N = (0, 4) hypermultiplets. The green loops represent N = (0, 4)
twisted hypermultiplet consisting of pairs of N = (0, 2) chiral multiplets U and D. Four red edges
between two nodes describe ∆ and ∇ while two red loops are adjoint Λ.
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In this caseN = (0, 4) supersymmetry is enhanced toN = (4, 4) in such a way that bi-fundamental
N = (0, 4) hypermultiplets (R,L) and bi-fundamental Fermi multiplets (U,D) further combine into
N = (4, 4) hypermultiplets and adjoint N = (0, 4) twisted hypermultiplets (U,D) and N = (0, 4)
vector multiplets are promoted to N = (4, 4) vector multiplets.
The T-dual brane box configuration is shown in Figure 8. This is obtained by the dimensional
reduction of the 3d N = 4 quiver gauge theory which has the same gauge group and bi-fundamental
hypermultiplets.
4.1.4 C2/Z2 × C2/Z2 (1, 1, 0, 0), (0, 0, 1, 1)
There are two generators of C2/Z2 × C2/Z2 singularity. One of them labeled by (1, 1, 0, 0) acts on
the two complex coordinates as z1 7→ epiiz1, z2 7→ epiiz2 while the other labeled by (0, 0, 1, 1) acts on
the others as z3 7→ epiiz3, z4 7→ epiz4. The gauge group of the world-volume theory of D1-branes at
C2/Z2 × C2/Z2 is given by
G =
2∏
i1=1
2∏
i2=1
U(N)i1,i2 (4.12)
The matter content consists of sixteen N = (0, 2) chiral multiplets{
Rii+(1,0), L
i
i+(−1,0), U ii+(0,1), Dii+(0,−1)
}
(4.13)
and twelve N = (0, 2) Fermi multiplets{
∆i,i−(1,1),∇i,i−(1,1),Λi,i
}
. (4.14)
where i = (i1, i2) are pairs of modulo 2 gauge indices with i1 = 1, 2 and i2 = 1, 2. The quiver diagram
is shown in Figure 9.
The blue and green arrows describe bi-fundamental N = (0, 4) hyper and twisted hypermultiplets
respectively. The red lines correspond to bi-fundamental Fermi multiplets while the red loop N =
(0, 2) Fermi multiplets combine with N = (0, 2) gauge multiplets into N = (0, 4) vector multiplets.
There are twelve pairs of vanishing J- and E-terms
J E
∆(1,1)(2,2) : L
(2,2)
(1,2)U
(1,2)
(1,1) − U (2,2)(2,1)L(2,1)(1,1) = 0 D(1,1)(1,2)R(1,2)(2,2) −R(1,1)(2,1)D(2,1)(2,2) = 0
∆(1,2)(2,1) : L
(2,1)
(1,1)U
(1,1)
(1,2) − U (2,1)(2,2)L(2,2)(1,2) = 0 D(1,2)(1,1)R(1,1)(2,1) −R(1,2)(2,2)D(2,2)(2,1) = 0
∆(2,1)(1,2) : L
(1,2)
(2,1)U
(2,2)
(2,1) − U (1,2)(1,1)L(1,1)(2,1) = 0 D(2,1)(2,2)R(2,2)(1,2) −R(2,1)(1,1)D(1,1)(1,2) = 0
∆(2,2)(1,1) : L
(2,2)
(1,2)U
(1,2)
(1,1) − U (1,1)(1,2)L(1,2)(2,2) = 0 D(2,2)(2,1)R(2,1)(1,1) −R(2,2)(1,2)D(1,2)(1,1) = 0
∇(1,1)(2,2) : U (2,2)(2,1)R(2,1)(1,1) −R(2,2)(1,2)U (1,2)(1,1) = 0 D(1,1)(1,2)L(1,2)(2,2) − L(1,1)(2,1)D(2,1)(2,2) = 0
∇(1,2)(2,1) : U (2,1)(2,2)R(2,2)(1,2) −R(2,1)(1,1)U (1,1)(1,2) = 0 D(1,2)(1,1)L(1,1)(2,1) − L(1,2)(2,2)D(2,2)(2,1) = 0
∇(2,1)(1,2) : U (1,2)(1,1)R(1,1)(2,1) −R(1,2)(2,2)U (2,2)(2,1) = 0 D(2,1)(2,2)L(2,2)(1,2) − L(2,1)(1,1)D(1,1)(1,2) = 0
∇(2,2)(1,1) : U (1,1)(1,2)R(1,2)(2,2) −R(1,1)(2,1)U (2,1)(2,2) = 0 D(2,2)(2,1)L(2,1)(1,1) − L(2,2)(1,2)D(1,2)(1,1) = 0
Λ(1,1)(1,1) : R
(1,1)
(2,1)L
(2,1)
(1,1) − L(1,1)(2,1)R(2,1)(1,2) = 0 D(1,1)(1,2)U (1,2)(1,1) − U (1,1)(1,2)D(1,2)(1,1) = 0
Λ(1,2)(1,2) : R
(1,2)
(2,2)L
(2,2)
(2,1) − L(1,2)(2,2)R(2,2)(1,2) = 0 D(1,2)(1,1)U (1,1)(1,2) − U (1,2)(1,1)D(1,1)(1,2) = 0
Λ(2,1)(2,1) : R
(2,1)
(1,1)L
(1,1)
(2,1) − L(2,1)(1,1)R(1,1)(2,1) = 0 D(2,1)(2,2)U (2,2)(2,1) − U (2,1)(2,2)D(2,2)(2,1) = 0
Λ(2,2)(2,2) : R
(2,2)
(1,1)L
(1,1)
(2,2) − L(2,2)(1,1)R(1,2)(2,2) = 0 D(2,2)(2,1)U (2,1)(2,2) − U (2,2)(2,1)D(2,1)(2,2) = 0
(4.15)
The T-dual configuration is 2× 2 brane box model illustrated in Figure 9. In this case, two NS5-
branes and two NS5′-branes are trivially identified going around x6 and x2 directions respectively.
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Figure 2: Left: A quiver diagram for D1-branes on C2/Z2 × C2. Right: D3 brane box configuration
with which is T-dual to D1-branes on C2/Z2 × C2.fig_44quiver
decomposes as a (0, 2) gauge multiplet and a (0, 2) adjoint Fermi multiplet. The map is shown
in Figure
fig_04vm_dec
??.
(i) (ii)
• Lines of (0, 4) hyper and twisted hyper multiplets in (0, 4) quiver diagram becomes a bi-
directional line in the N = 1 quiver diagram. This is shown in Figure 2.
3.1.3 C2/Z2 × C2
subsec_d1zkzk
In this case the the gauge group is U(N)1,0 × U(N)2,0. There are eight (0, 2) chiral multiplets
{Ri1,i1+1, Li1,i1−1, Ui1,i1 , Di1,i1}i1=1,2. (3.10) z2_cm
Ri1,i1+1 and Li1,ii−1 transform as bi-fundamental representation under the gauge group U(N)1,0 ×
U(N)2,0 and they form two bi-fundamental (0, 4) hypermultiplets: (R1,2, L2,1) ⊕ (R2,1, L1,2). Ui1,i1
and Di1,i1 transform as adjoint representation under the gauge group and they combine into two
adjoint (0, 4)twisted hypermultiplets: (U1,1, D1,1) ⊕ (U2,2, D2,2).
There are also six (0, 2) Fermi multiplets
{∆i1,i1+1,∇i1,i1−1,Λi1,i1}i1=1,2. (3.11) z2_fm
∆i1,i1+1 and ∇i1,i1−1 transform as bi-fundamental representation under U(N)1,0 × U(N)2,0 and
they are promoted to bi-fundamental (0, 4) Fermi multiplets. Λi1,i1 are adjoint under U(N)1,0 ×
U(N)2,0 and they combine (0, 2) gauge multiplet to form two (0, 4) vector multiplets. The theory
can be encoded by (0, 2) quiver diagram shown in Figure
fig_44quiver
2. As usual, the node corresponds to
each factor of gauge symmetry groups. The blue arrows represent R and L forming bi-fundamental
(0, 4)hypermultiplets and the green loops represent U and D forming bi-fundamental (0, 4)twisted
hypermultiplets. Four red edges between two nodes describe ∆ and ∇ while two red loops are adjoint
Λ.
In addition, (0, 4) supersymmetry is enhanced to (4, 4) in such a way that bi-fundamental (0, 4)
hypermultiplets (R,L) and bi-fundamental (0, 4) Fermi multiplets (U,D) further combine into (4, 4)
hypermultiplets and adjoint (0, 4) twisted hypermultiplets (U,D) and (0, 4) vector multiplets are
promoted to (4, 4) vector multiplets. In the T-dual brane box configuration is shown in Figure
fig_44quiver
2.
This is obtained by the dimensional reduction of the 3d N = 4 quiver gauge theory.
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Figure 6: (i) (0, 4) quiver diagram for D1-branes on C2/Z2 × C2/Z2. (ii) The corresponding (0, 2)
quiver diagram. (iii) D3-brane box configuration which is T-dual to D1-branes on C2/Z2 × C2/Z2.
Horizontal, vertical and diagonal edges represent hyper, twisted hyper and Fermi multiplets.
fig_z2z2
C2/Z2 × C2/Z2 is given by
G =
2∏
i1=1
2∏
i2=1
U(N)i1,i2 (3.12) z2z2_G
The matter content consists of sixteen (0, 2) chiral multiplets{
Ri,i+(1,0), Li,i+(−1,0), Ui,i+(0,1), Di,i+(0,−1)
}
(3.13) z2z2content
and twelve (0, 2) Fermi multiplets {
∆i,i−(1,1),∇i,i−(1,1),Λi,i
}
. (3.14) z2z2content
where i = (i1, i2) are pairs of modulo 2 gauge indices with i1 = 1, 2 and i2 = 1, 2. The quiver diagram
is shown in Figure
fig_z2z2
6.
The blue and green arrows describe bi-fundamental (0, 4) hyper and twisted hypermultiplets
respectively. The red lines correspond to bi-fundamental (0, 4) Fermi multiplets while the red loop
combine with (0, 2) gauge multiplet into (0, 4) vector multiplets.
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Figure 9: (i) N = (0, 4) quiver diagram for D1-branes on C2/Z2 × C2/Z2. (ii) The corresponding
N = (0, 2) quiver diagram. (iii) D3-brane box configuration which is T-dual to D1-branes on C2/Z2 ×
C2/Z2. Horizontal, vertical and diagonal edges represent hyper, twisted hyper and Fermi multiplets.
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4.1.5 C2/Z2 × C2/Z3 (1, 1, 0, 0), (0, 0, 1, 2)
The N = (0, 4) supersymmetric quiver gauge theory of regular N D1-branes on C2/Z2 × C2/Z3 has
gauge group
G =
2∏
i1=1
3∏
i2=1
U(N)i1,i2 . (4.16)
The matter content consists of 24 chiral multiplets{
Rii+(1,0), L
i
i+(−1,0), U ii+(0,1), Dii+(0,−1)
}
(4.17)
and 18 Fermi multiplets {
∆i,i−(1,1),∇i,i−(1,1),Λi,i
}
. (4.18)
where i = (i1, i2) are pairs of gauge indices with i1 = 1, 2 and i2 = 1, 2, 3.
The vanishing E- and J terms are given by
J E
∆(1,1)(2,3) : L
(2,3)
(1,3)U
(1,3)
(1,1) − U (2,3)(2,1)L(2,1)(1,1) = 0 D(1,1)(1,3)R(1,3)(2,3) −R(1,1)(2,1)D(2,1)(2,3) = 0
∆(1,2)(2,1) : L
(2,1)
(1,1)U
(1,1)
(1,2) − U (2,1)(2,2)L(2,2)(1,2) = 0 D(1,2)(1,1)R(1,1)(2,1) −R(1,2)(2,2)D(2,2)(2,1) = 0
∆(1,3)(2,2) : L
(2,2)
(1,2)U
(1,2)
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(2,3)
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∆(2,2)(1,1) : L
(1,1)
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(2,1)
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(2,3)
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Λ(2,1)(2,1) : R
(2,1)
(1,1)L
(1,1)
(2,1) − L(2,1)(1,1)R(1,1)(2,1) = 0 D(2,1)(2,2)U (2,2)(2,1) − U (2,1)(2,2)D(2,2)(2,1) = 0
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(2,2) − L(2,2)(1,1)R(1,2)(2,2) = 0 D(2,2)(2,1)U (2,1)(2,2) − U (2,2)(2,1)D(2,1)(2,2) = 0
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(2,3)
(1,3)L
(1,3)
(2,3) − L(2,3)(1,3)R(1,3)(2,3) = 0 D(2,3)(2,2)U (2,2)(2,3) − U (2,3)(2,1)D(2,1)(2,3) = 0
(4.19)
The quiver diagram is shown in Figure 10. The T-dual brane box model is 2 × 3 D3-brane box
model, as depicted in Figure 10.
4.1.6 C2/Z3 × C2/Z3 (1, 2, 0, 0), (0, 0, 1, 2)
In this case gauge group is
G =
3∏
i1=1
3∏
i2=1
U(N)i1,i2 (4.20)
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Figure 2: Left: A quiver diagram for D1-branes on C2/Z2 × C2. Right: D3 brane box configuration
with which is T-dual to D1-branes on C2/Z2 × C2.fig_44quiver
decomposes as a (0, 2) gauge multiplet and a (0, 2) adjoint Fermi multiplet. The map is shown
in Figure
fig_04vm_dec
??.
(i) (ii)
• Lines of (0, 4) hyper and twisted hyper multiplets in (0, 4) quiver diagram becomes a bi-
directional line in the N = 1 quiver diagram. This is shown in Figure 2.
3.1.3 C2/Z2 × C2
subsec_d1zkzk
In this case the the gauge group is U(N)1,0 × U(N)2,0. There are eight (0, 2) chiral multiplets
{Ri1,i1+1, Li1,i1−1, Ui1,i1 , Di1,i1}i1=1,2. (3.10) z2_cm
Ri1,i1+1 and Li1,ii−1 transform as bi-fundamental representation under the gauge group U(N)1,0 ×
U(N)2,0 and they form two bi-fundamental (0, 4) hypermultiplets: (R1,2, L2,1) ⊕ (R2,1, L1,2). Ui1,i1
and Di1,i1 transform as adjoint representation under the gauge group and they combine into two
adjoint (0, 4)twisted hypermultiplets: (U1,1, D1,1) ⊕ (U2,2, D2,2).
There are also six (0, 2) Fermi multiplets
{∆i1,i1+1,∇i1,i1−1,Λi1,i1}i1=1,2. (3.11) z2_fm
∆i1,i1+1 and ∇i1,i1−1 transform as bi-fundamental representation under U(N)1,0 × U(N)2,0 and
they are promoted to bi-fundamental (0, 4) Fermi multiplets. Λi1,i1 are adjoint under U(N)1,0 ×
U(N)2,0 and they combine (0, 2) gauge multiplet to form two (0, 4) vector multiplets. The theory
can be encoded by (0, 2) quiver diagram shown in Figure
fig_44quiver
2. As usual, the node corresponds to
each factor of gauge symmetry groups. The blue arrows represent R and L forming bi-fundamental
(0, 4)hypermultiplets and the green loops represent U and D forming bi-fundamental (0, 4)twisted
hypermultiplets. Four red edges between two nodes describe ∆ and ∇ while two red loops are adjoint
Λ.
In addition, (0, 4) supersymmetry is enhanced to (4, 4) in such a way that bi-fundamental (0, 4)
hypermultiplets (R,L) and bi-fundamental (0, 4) Fermi multiplets (U,D) further combine into (4, 4)
hypermultiplets and adjoint (0, 4) twisted hypermultiplets (U,D) and (0, 4) vector multiplets are
promoted to (4, 4) vector multiplets. In the T-dual brane box configuration is shown in Figure
fig_44quiver
2.
This is obtained by the dimensional reduction of the 3d N = 4 quiver gauge theory.
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Figure 6: (i) (0, 4) quiver diagram for D1-branes on C2/Z2 × C2/Z2. (ii) The corresponding (0, 2)
quiver diagram. (iii) D3-brane box configuration which is T-dual to D1-branes on C2/Z2 × C2/Z2.
Horizontal, vertical and diagonal edges represent hyper, twisted hyper and Fermi multiplets.
fig_z2z2
C2/Z2 × C2/Z2 is given by
G =
2∏
i1=1
2∏
i2=1
U(N)i1,i2 (3.12) z2z2_G
The matter content consists of sixteen (0, 2) chiral multiplets{
Ri,i+(1,0), Li,i+(−1,0), Ui,i+(0,1), Di,i+(0,−1)
}
(3.13) z2z2content
and twelve (0, 2) Fermi multiplets {
∆i,i−(1,1),∇i,i−(1,1),Λi,i
}
. (3.14) z2z2content
where i = (i1, i2) are pairs of modulo 2 gaug indices with i1 = 1, 2 and i2 = 1, 2. The quiver diagram
is shown in Figure
fig_z2z2
6.
The blue and green arrows describe bi-fundamental (0, 4) hyper and twisted hypermultiplets
respectively. The red lines correspond to bi-fundamental (0, 4) Fermi multiplets while the red loop
combine with (0, 2) gauge multiplet into (0, 4) vector multiplets.
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Figure 10: (i) N = (0, 4) quiver diagram for D1-branes on C2/Z2 × C2/Z3. (ii) The corresponding
N = (0, 2) quiver diagram. (iii) D3-brane box configuration which is T-dual to D1-branes on C2/Z2
× C2/Z3.
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Figure 2: Left: A quiver diagram for D1-branes on C2/Z2 × C2. Right: D3 brane box configuration
with which is T-dual to D1-branes on C2/Z2 × C2.fig_44quiver
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Figure 11: (i) N = (0, 4) quiver diagram for D1-branes on C2/Z3 × C2/Z3. (ii) The corresponding
N = (0, 2) quiver diagram. (iii) 3 × 3 D3-brane box configuration which is T-dual to D1-branes on
C2/Z3 × C2/Z3.
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and there are 36 chiral multiplets and 27 Fermi multiplets. The quiver diagram is shown in Figure
11. Note that unlike the above examples, the Fermi multiplets cannot be drawn as a bi-fundamental
single line since each of N = (0, 2) Fermi multiplets connects to distinct four gauge nodes. This
always happens when both k and k′ are larger than two. Therefore the Fermi multiplets generically
take the V-shaped or X-shaped configuration.
The T-dual configuration is 3× 3 boxes of D3-branes shown in Figure 11.
4.2 D1-D5-D5′ branes
Now consider the dynamics of N D1-branes intersecting with Nf D5-branes and N
′
f D5
′-branes.
The space-time symmetry is SO(1, 1)01 × SO(4)2′345 × SO(4)6′789. The low-energy effective world-
volume theory is N = (0, 4) supersymmetric U(N) gauge theory with SU(Nf ) × SU(N ′f ) global
symmetry. In addition to the massless modes from D1-D1 string, there are three sets of multiplets
appear from D1-D5, D1-D5′ and D5-D5′ strings. This brane configuration is studied in [15]. It is
shown that the N = (0, 4) gauge theory flows to the conformal field theory with the central charge
c = 6N
NfN
′
f
Nf +N ′f
(4.21)
which is evaluated from the near horizon geometry [30] of AdS3 × S3 × S3 × R [12, 13, 14]. Let us
firstly give a brief review of the N = (0, 4) gauge theory that arises from the intersection of D1-D5-D5′
brane system.
D1-D1 strings As discussed in the previous section, the world-volume theory of N D1-branes is
N = (8, 8) supersymmetric U(N) gauge theory. The theory contains a N = (0, 2) gauge multiplet,
four N = (0, 2) adjoint chiral multiplets and three N = (0, 2) adjoint Fermi multiplets. The matter
content is summarized as
N = (0, 4) supermultiplets SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
adjoint hypermultiplet : (Rii, L
i
i) bosons : (1,1,2,2)
fermions : (2,1,1,2)
adjoint twisted hypermultiplet : (U ii, D
i
i) bosons : (2,2,1,1)
fermions : (1,2,2,1)
adjoint Fermi multiplets : (∆ii,∇ii) fermions : (1,2,1,2)
(4.22)
There is also the N = (0, 4) U(N) vector multiplet consisting of the N = (0, 2) gauge multiplet
and the N = (0, 2) adjoint Fermi multiplet. As in the brane setup (4.1), the hypermultiplet scalar
fields describe the dynamics of D1-branes along 6′7898 in which D5-branes extend, while the twisted
hypermultiplet scalar fields capture the motions of D1-branes along 2′345 in which D5′-branes span.
The E- and J-terms are given by (4.2).
D1-D5 strings The massless modes coming from the open strings stretched between D1-branes and
D5-branes give rise to N = (4, 4) hypermultiplets. In our brane construction (4.1), they decompose
into N = (0, 4) hypermultiplets and N = (0, 4) Fermi multiplets transforming as follows:
N = (0, 4) supermultiplets SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
fundamental hypermultiplets : (Hia, H˜
a
i ) bosons : (1,1,2,1)
fermions : (2,1,1,1)
fundamental Fermi multiplets : (ξia, ξ˜
a
i ) fermions : (1,2,1,1)
(4.23)
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Here Hia, H˜
a
i are N = (0, 2) chiral multiplets and ξia, ξ˜ai are N = (0, 2) Fermi multiplets where
i = 1, · · · , N are gauge indices and a = 1, · · · , Nf are flavor indices.
Each of the N = (0, 4) supermultiplets transforms as the fundamental representation under the
U(N) gauge group and transform as the anti-fundamental representation under the SU(Nf ) global
symmetry. The fundamental hypermultiplets (H, H˜) couple to the U(N) vector multiplets through
J-term
J
Λii : H˜
a
i ·Hia = 0
(4.24)
associated to the adjoint N = (0, 2) Fermi multiplet Λii in the N = (0, 4) vector multiplet.
The fundamental hypermultiplet (H, H˜) can also couple to the adjoint twisted hypermultiplet
(U,D) appearing in the D1-D1 string spectrum (4.26) through the E- and J-terms associated to the
Fermi multiplet (ξ, ξ˜)
J E
ξia : H˜
a
i ·Dii = 0 U ii ·Hia = 0
ξ˜ai : D
i
i ·Hia = 0 −H˜ai · U ii = 0
. (4.25)
These interactions reflect the fact that D1-D5 strings become massive when the D1-branes move along
the directions parallel to D5′-branes.
D1-D5′ strings Similarly to the D1-D5 strings, the massless modes from the open strings stretched
between D1-branes and D5′-branes give N = (4, 4) hypermultiplets. They transform under the space-
time symmetry so that they decompose into N = (0, 4) twisted hypermultiplets (T, T˜ ) and N = (0, 4)
Fermi multiplets (ζ, ζ˜):
N = (0, 4) supermultiplets SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
fundamental twisted hypermultiplets : (T ia˜, T˜
a˜
i ) bosons : (2,1,1,1)
fermions : (1,1,2,1)
fundamental Fermi multiplets : (ζia˜, ζ˜
a˜
i ) fermions : (1,1,1,2)
(4.26)
where T ia˜, T˜
a˜
i are N = (0, 2) chiral multiplets and ζia˜, ζ˜ a˜i are N = (0, 2) Fermi multiplets with
a˜ = 1, · · · , N ′f being flavor indices.
They transform as the fundamental representations under the U(N) gauge group. Under the
SU(N ′f ) global symmetry, they transform as the anti-fundamental representation. The N = (0, 4)
twisted hypermultiplet is coupled to U(N) vector multiplet through E-term
E
Λii : T
i
a · T˜ ai = 0
(4.27)
They also couple to the adjoint hypermultiplets (R,L) in (4.23) through the E- and J-term
potentials for the Fermi multiplets (ζ, ζ˜)
J E
ζia˜ : T˜
a˜
i · Lii = 0 Rii · T ia˜ = 0
ζ˜ a˜i : L
i
i · T ia˜ = 0 −T˜ a˜i ·Rii = 0
. (4.28)
The presence of these interactions implies that the D1-D5′ strings become massive when the D1-branes
move in the directions where the D5-branes span.
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D5-D5′ strings The quantization of open strings stretched between D5- and D5′-branes leads to
the N = (0, 8) Fermi multiplets, as a pair of N = (0, 4) Fermi multiplets 4.
N = (0, 4) supermultiplets SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
neutral Fermi multiplets : (γaa˜ , γ˜
a˜
a) (1,1,1,1)
neutral Fermi multiplets : (γ
′a˜
a , γ˜
′a
a˜ ) (1,1,1,1)
(4.29)
The N = (0, 4) Fermi multiplets are neutral under the gauge group. So they have no interaction with
the N = (0, 4) vector multiplet. Meanwhile, they transform as bi-fundamental representation under
the SU(Nf )× SU(N ′f ) global symmetry.
Without any E- and J-potential terms of these Fermi multiplets (γ, γ˜), when both D5- and D5′-
branes exist, it follows that E ·J = EΛ ·JΛ = T T˜HH˜ 6= 0. The supersymmetric constraint (2.22) can
hold if one of the N = (0, 4) Fermi multiplets, which we take (γ, γ˜), are couple to both fundamental
hypermultiplets (H, H˜) and fundamental twisted hypermultiplets (T, T˜ ) via E- and J-terms
J E
γaa˜ :
1√
2
Hia · T˜ a˜i = 0 − 1√2T ia˜ · H˜ai = 0
γ˜a˜a :
1√
2
T ia˜ · H˜ai = 0 − 1√2Hia · T˜ a˜i = 0
(4.30)
To sum, the N = (0, 4) gauge theory of D1-D5-D5′ brane system is encoded in the quiver diagram
of Figure 12. The two square nodes represent SU(Nf ) and SU(N
′
f ) flavor symmetries.
The T-dual brane configuration is depicted in Figure 12. NS5- and D5-branes are depicted as
vertical bold and dotted lines while NS5′- and D5′-branes are depicted as horizontal bold and dotted
lines. A single box of D3-branes surrounded by a NS5-brane and NS5′-brane correspond to the gauge
node. The D3-branes intersect with Nf D5-branes and N
′
f D5
′-branes which are associated to the
SU(N)f and SU(N)
′
f flavor symmetry.
4.3 D1-D5-D5′ branes on C2/Zk ×C2/Zk′
Generic brane box configuration consisting of a grid of k NS5-branes and k′ NS5′-branes is T-dual of
D1-D5-D5′ brane system on the singularity C2/Zk × C2/Zk′ . For simplicity let us concentrate on the
generator of orbifold group labeled by (1, 1, 0, 0) and (0, 0, 1, 1). In order for the SU(2)C × SU(2)H
R-symmetry of N = (0, 4) supersymmetry to be preserved, the orbifold groups Zk and Zk′ should be
embedded in SU(2)′H and SU(2)
′
C respectively
Zk ⊂ SU(2)′H ⊂ SO(4)6′789,
Zk′ ⊂ SU(2)′C ⊂ SO(4)2′345. (4.31)
In addition to the restriction on fields from D1-D1 strings, which we have already seen, there is a
further restriction on fields from D1-D5 strings, D1-D5′ strings and D5-D5′ strings. The action of Zk′
should be embedded in the Chan Paton factors of Nf D5-branes and that of Zk should be embedded
in the Chan Paton factors of N ′f D5
′-branes so that flavor symmetry group is
GF =
k∏
i1=1
SU(N ′f )i1
k′∏
i2=1
SU(Nf )i2 . (4.32)
From (4.23)-(4.29) we see that only orbifold actions on (0, 4) Fermi multiplets from D1-D5 strings
and from D1-D5′ strings are non-trivial, that is (ξia, ξ˜
a
i ) transforming as 2 under the SU(2)
′
C and
4This is T-dual configuration of D0-D8 brane system [31, 32].
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the space-time symmetry so that they decompose into (0, 4) twisted hypermultiplets and (0, 4) Fermi
multiplets
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
twisted hypermultiplets: TAai′ (σ, σ˜
†) (1,1,2,1)
(ψ+, ψ˜
†
+) (2,1,1,1)
Fermi multiplets: ΞA
′
ai′ (λ−, λ˜
†
−) (1,2,1,1)
(3.30) d1d5b_modes
The twisted hypermultiplet scalar fields (σ, σ˜†) capture the motions of D1-branes along 2′345 in
which D5′-branes span. The (0, 4) supermultiplets transform as the fundamental representations
under the gauge group and transform as the anti-fundamental representation under the SU(N ′f )
global symmetry.
D5-D5′ strings The quantization of open strings stretched between D5- and D5′-branes leads to
the (0, 8) Fermi multiplets, as a pair of (0, 4) Fermi multiplets 4.
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
Fermi multiplets: Ξii′ (ξ−, ξ˜−) (1,1,1,1)
(3.31) d5d5_modes
The (0, 4) Fermi multiplets are neutral under the gauge group and transform as the bi-fundamental
representation under the SU(Nf )× SU(N ′f ) global symmetry.
3.2.1 D1-D5-D5′ on C2/Zk ×C2/Zk′
sec_d5
Given the above D1-D5-D5′ brane system, the presence of KK monopoles lead to orbifolding of C2
= R6′789 by Zk and that of C2 = R2
′345 by Zk′ . To preserve the SU(2)C × SU(2)H R-symmetry
of (0, 4) supersymmetry, one should embed the orbifold group Zk and Zk′ in SU(2)′H and SU(2)′C
respectively
Zk ⊂ SU(2)′H ⊂ SO(4)6′789,
Zk′ ⊂ SU(2)′C ⊂ SO(4)2′345. (3.32) emb_orb
It follows from (
d1d5a_modes
3.29)-(
d5d5_modes
3.31) and (
emb_orb
3.32), that non-trivial orbifold action is only on the (0, 4) Fermi
multiplets with the SU(2)′C indices A
′ and the SU(2)′H indices A˜
′ which arise from D1-D5′ string
and those from D1-D5 string respectively.
The structure of flavor symmetries in (0, 4) quiver is illustrated in Figure
fig_04quiver_1
9. The square boxes
connected by horizontal line represent the flavor D5′-branes while those along vertical boxes represent
the flavor D5-branes. The blue, green and red dotted edges are stretched between D1 gauge node and
D5 flavor box or D1 gauge node and D5′ flavor box describe the (0, 4) fundamental hyper, twisted
hyper and Fermi multiplets respectively. They come from the massless modes of D1-D5 string and
those of D1-D5′ string. The pink dotted line is neutral (0, 4) Fermi multiplets which arise from D5-
D5′ string. To illustrate such a general structure of the (0, 4) quiver, we show the effect of adding D5
and D5′ branes in Figure
fig_d1d5d5zkzk
10, which is compared with Figure
fig_boxquiver
24 (or FIgure
figgzkzk
??).
3.2.2 Example
subsubsec_d1d5d5zkzk_eg
We will see that the N = (0, 4) theories which arise from D1-D5-KK system discussed in Behrndt:1998nt, Kutasov:1998zh, Berenstein:1998rr, Sugawara:1999qp, Bena:2005ay[23, 24, 25,
26, 27] is a special case of our model.
4To see this one can take the T-dual configuration of D0-D8 brane system
Banks:1997zs, Bachas:1997kn
[21, 22].
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Figure 8: D3 Brane box configuration which is T-dual to D1-branes on C2/Z2 × C2/Z3.fig_z2z3box
summarized as
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
twisted hypermultiplets: TAai′ (σ, σ˜
†) (1,1,2,1)
(ψ+, ψ˜
†
+) (2,1,1,1)
Fermi multiplets: ΞA
′
ai′ (λ−, λ˜
†
−) (1,2,1,1)
(3.28) d1d5b_modes
The twisted hypermultiplet scalar fields (σ, σ˜†) capture the motions of D1-branes along 2′345 in
which D5′-branes span. The (0, 4) supermultiplets transform as the funda ental representations
under the gauge group and transform as the anti-fundamental representation under the SU(N ′f )
global symmetry.
D1-D5 strings The massless modes coming from the open strings stretched between the D1-branes
and D5-branes give the (4, 4) hypermultiplets. In our brane construction (
d1d5d5_ale
3.1), they decompose into
(0, 4) hypermultiplets and (0, 4) Fermi multiplets
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
hypermultiplets: HA˜ai (φ, φ˜
†) (2,1,1,1)
(ψ+, ψ˜
†
+) (1,1,2,1)
Fermi multiplets: ΞA˜
′
ai (λ−, λ˜
†
−) (1,1,1,2)
(3.29) d1d5a_modes
The hypermultiplet scalar fields φ, φ˜† describe the motion of D1-branes along the 6′789 in which D5-
branes extend. Each of the (0, 4) supermultiplets transform as the fundamental representation under
the gauge group and transform as the anti-fundamental representation under the SU(Nf ) global
symmetry.
D1-D5′ strings Similarly the massless modes from the open strings stretched between the D1-
branes and D5’-branes give the (4, 4) hypermultiplets. However, they differently transform under
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the space- i e sym etry so that they decompose into (0, 4) twisted hypermultiplets and (0, 4) Fermi
multiplets
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
twisted hypermultiplets: TAai′ (σ, σ˜
†) (1,1,2,1)
(ψ+, ψ˜
†
+) (2,1,1,1)
Fermi multiplets: ΞA
′
ai′ (λ−, λ˜
†
−) (1,2,1,1)
(3.30) d1d5b_modes
The twisted hypermultiplet c lar fields (σ, σ˜†) capture the motions of D1-branes along 2′345 in
which D5′-branes span. The (0, 4) supermultiplets transform as the fundamental representations
under the gaug group and transform as the anti-fundamental representation under the SU(N ′f )
global symmetry.
D5-D5′ strings The quantization of open strings stretched between D5- and D5′-branes leads to
the (0, 8) Fermi multiplets, as a pair of (0, 4) Fermi multiplets 4.
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
Fermi multiplets: Ξii′ (ξ−, ξ˜−) (1,1,1,1)
(3.31) d5d5_modes
The (0, 4) Fermi multiplets are ne tral under the gauge group and transform as the bi-fundamental
representation under the SU(Nf )× SU(N ′f ) global symmetry.
3.2.1 D1-D5-D5′ on C2/Zk ×C2/Zk′
sec_d5
Given the above D1-D5-D5′ b ane system, the presence of KK monopoles lead to orbifolding of C2
= R6′789 by Zk and that of C2 = R2
′345 by Zk′ . To preserve the SU(2)C × SU(2)H R-symmetry
of (0, 4) supersymmetry, one should embed the orbifold group Zk and Zk′ in SU(2)′H and SU(2)′C
respectively
Zk ⊂ SU(2)′H ⊂ SO(4)6′789,
Zk′ ⊂ SU(2)′C ⊂ SO(4)2′345. (3.32) emb_orb
It f llows from (
d1d5a_modes
3.29)-(
d5d5_modes
3.31) and (
emb_orb
3.32), that non-trivial orbifold action is only on the (0, 4) Fermi
multiplet with the SU(2)′C indices A
′ and the SU(2)′H indices A˜
′ which arise from D1-D5′ string
and those from D1-D5 string respectively.
The structure of flavor symmetries in (0, 4) quiver is illustrated in Figure
fig_04quiver_1
9. The square boxes
connected by horiz tal line repres nt the flavor D5′-branes while those along vertical boxes represent
th fl vor D5-branes. The blue, green and red dotted edges are stretched between D1 gauge node and
D5 flavor box or D1 g ug node and D5′ flavor box describe the (0, 4) fundamental hyper, twisted
hyper and Fermi multiplets respectively. They come from the massless modes of D1-D5 string and
those of D1-D5′ string. The pink dotted line is neutral (0, 4) Fermi multiplets which arise from D5-
D5′ string. To illustrate such a general structure of the (0, 4) quiver, we show the effect of adding D5
and D5′ branes in Figure
fig_d1d5d5zkzk
10, which is compared with Figure
fig_boxquiver
24 (or FIgure
figgzkzk
??).
3.2.2 Example
subsubsec_d1d5d5zkzk_eg
We will see that th N = (0, 4) theories which arise from D1-D5-KK system discussed in Behrndt:1998nt, Kutasov:1998zh, Berenstein:1998rr, Sugawara:1999qp, Bena:2005ay[23, 24, 25,
26, 27] is a special case of our model.
4To see this one can take the T-dual configuration of D0-D8 brane system
Banks:1997zs, Bachas:1997kn
[21, 22].
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Figure 8: D3 Brane box configuration which is T-dual to D1-branes on C2/Z2 × C2/Z3.fig_z2z3box
summarized as
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
twisted hypermultiplets: TAai′ (σ, σ˜
†) (1,1,2,1)
(ψ+, ψ˜
†
+) (2,1,1,1)
Fermi multiplets: ΞA
′
ai′ (λ−, λ˜
†
−) (1,2,1,1)
(3.28) d1d5b_modes
T twisted hypermultiplet scalar fields (σ, σ˜†) capture the motions of D1-branes along 2′345 in
which D5′-branes span. Th (0, 4) supermultiplets transform as the funda ental representations
under th gauge gr up and transform as the anti-fundamental representation under the SU(N ′f )
global symmetry.
D1-D5 strings The massless modes coming from the open strings stretched between the D1-branes
and D5-branes give the (4, 4) hypermultiplets. In our brane construction (
d1d5d5_ale
3.1), they decompose into
(0, 4) hypermultiplets and (0, 4) Fermi multiplets
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
hypermultiplets: HA˜ai (φ, φ˜
†) (2,1,1,1)
(ψ+, ψ˜
†
+) (1,1,2,1)
Fermi multiplets: ΞA˜
′
ai (λ−, λ˜
†
−) (1,1,1,2)
(3.29) d1d5a_modes
The hypermultiplet scalar fields φ, φ˜† describe the motion of D1-branes along the 6′789 in which D5-
br nes xte . Each of the (0, 4) supermultiplets transform as the fundamental representation under
th gauge gr up and transform as the anti-fundamental representation under the SU(Nf ) global
symmetry.
D1-D5′ string Similarly th massless modes from the open strings stretched between the D1-
branes and D5’-branes give the (4, 4) hypermultiplets. However, they differently transform under
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associat d CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! o ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box mod l
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coor inates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Figure 8: D3 Brane box configuration which is T-dual to D1-branes on C2/Z2 × C2/Z3.fig_z2z3box
summarized as
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
twisted hypermultiplets: TAai′ (σ, σ˜
†) (1,1,2,1)
(ψ+, ψ˜
†
+) (2,1,1,1)
Fermi multiplets: ΞA
′
ai′ (λ−, λ˜
†
−) (1,2,1,1)
(3.28) d1d5b_modes
The twisted hypermultiplet scalar fields (σ, σ˜†) capture the motions of D1-branes along 2′345 in
which D5′-branes span. The (0, 4) supermultiplets transform as the fundamental representations
under the gauge group and transform as the anti-fundamental representation under the SU(N ′f )
global sym etry.
D1-D5 strings The massless modes coming from the open strings stretched between the D1-branes
and D5-br nes give the (4, 4) hypermultiplets. I our b an construction (
d1d5d5_ale
3.1), they decompose into
(0, 4) hypermultiplets and (0, 4) Fermi multiplets
(0, 4) supermultiplets co pone t fields SU(2)C × SU 2)′C × SU(2)H × SU(2)′H
hypermultiplets: HA˜ai (φ, φ˜
†) (2,1,1,1)
(ψ+, ψ˜
†
+) (1,1,2,1)
Fermi multiplets: ΞA˜
′
ai (λ−, λ˜
†
−) (1,1,1,2)
(3.29) d1d5a_modes
The hypermultiplet scalar fields φ, φ˜† describe the motion of D1-branes along the 6′789 in which D5-
branes extend. Each of the (0, 4) supermultiplets transform as the fundamental representation under
the gauge group and transform as the anti-fundamental representation under the SU(Nf ) global
symmetry.
D1-D5′ strings Similarly the massless modes from the open strings stretched between the D1-
branes and D5’-branes give the (4, 4) hyper ultiplets. However, they differently transform under
20
Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f ca be holomorphic o anti- olo orphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelia anomalies. In
Mohri:1997ef
[11] he theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are s own to e ca celled by a generalize Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
ubsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
the space-time symmetry so that they decompose into (0, 4) twisted hypermultiplets and (0, 4) Fermi
multiplets
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
twisted hypermultiplets: TAai′ (σ, σ˜
†) (1,1,2,1)
(ψ+, ψ˜
†
+) (2,1,1,1)
Fermi multiplets: ΞAai′ (λ−, λ˜
†
−) (1,2,1,1)
(3.30) d1d5b_modes
The twisted hypermultiplet scalar fi lds (σ, σ˜†) capture the motio s of D1-branes along 2′345 in
which D5′-branes span. The (0, 4) supermultiplets transform as the fundamental representations
under the gauge group and transform as the an i-fundamental representation under the SU(N ′f )
global symmetry.
D5-D5′ strings The quantization of open strings stretched between D5- and D5′-branes leads to
the (0, 8) Fermi multiplets, as a pair of (0, 4) Fermi multiplets 4.
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
Fermi multiplets: Ξii′ (ξ−, ξ˜−) (1,1,1,1)
(3.31) d5d5_modes
The (0, 4) Fermi multiplets are neutral under the gauge group and transform as the bi-fundamental
representation under the SU(Nf )× SU(N ′f ) global symmetry.
3.2.1 D1-D5-D5′ on C2/Zk ×C2/Zk′
sec_d5
Given the above D1-D5-D5′ brane system, the presence of KK monopoles lead to orbifolding of C2
= R6′789 by Zk and that of C2 = R2
′345 by Zk′ . To preserve the SU(2)C × SU(2)H R-symmetry
of (0, 4) supersymmetry, one should embed the orbifold group Zk and Zk′ in SU(2)′H and SU(2)′C
respectively
Zk ⊂ SU(2)′H ⊂ SO(4)6′789,
Zk′ ⊂ SU(2)′C ⊂ SO(4)2′345. (3.32) emb_orb
It follows from (
d1d5a_modes
3.29)-(
d5d5_modes
3.31) and (
emb_orb
3.32), that non-trivial orbifold action is only on the (0, 4) Fermi
multiplets with the SU(2)′C indic s A
′ and th SU(2)′H indices A˜
′ which arise from D1-D5′ stri g
and those from D1-D5 string respectively.
The structure of flavor symmetries in (0, 4) quiver is illustrated in Figure
fig_04quiver_1
9. The square boxes
connected by horizontal line represent the flavor D5′-branes while those along vertical boxes represent
the flavor D5-branes. The blue, green and red dotted edges are stretched between D1 gauge node and
D5 flavor box or D1 gauge node and D5′ flavor box describe the (0, 4) fundamental hyper, twisted
hyper and Fermi multiplets respectively. They come from the massless modes of D1-D5 string and
those of D1-D5′ string. The pink dotted line is neutral (0, 4) Fermi multiplets which arise from D5-
D5′ string. To illustrate such a general structure of the (0, 4) quiver, we show the effect of adding D5
and D5′ branes in Figure
fig_d1d5d5zkzk
10, which is compared with Figure
fig_boxquiver
24 (or FIgure
figgzkzk
??).
3.2.2 Example
subsubsec_d1d5d5zkzk_eg
We will see that the N = (0, 4) theories which arise from D1-D5-KK system discussed in Behrndt:1998nt, Kutasov:1998zh, Berenstein:1998rr, Sugawara:1999qp, Bena:2005ay[23, 24, 25,
26, 27] is a special case of our model.
4To see this one can take the T-dual configuration of D0-D8 brane system
Banks:1997zs, Bachas:1997kn
[21, 22].
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Figure 2: Left: A quiver diagram for D1-branes on C2/Z2 × C2. Right: D3 brane box configuration
with which is T-dual to D1-branes on C2/Z2 × C2.fig_44quiver
decomposes as a (0, 2) gauge multiplet and a (0, 2) adjoint F mi multiplet. The map is shown
in Figure
f g_04vm_dec
??.
(i) (ii)
• Lines of (0, 4) hyper and twisted hyper multiplets in (0, 4) quiver diagram becomes a bi-
directional line in the N = 1 quiver diagram. This is shown in Figure 2.
3.1.3 C2/Z2 × C2
subsec_d1zkzk
In this case the the gauge group is U(N)1,0 × U(N)2,0. There are eight (0, 2) chiral multiplets
{Ri1,i1+1, Li1,i1−1, Ui1,i1 , Di1,i1}i1=1,2. (3.10) z2_cm
Ri1,i1+1 and L 1,ii−1 transform as bi-fundamental representation under the gauge group U(N)1,0 ×
U(N)2,0 and they form t o bi-funda ental (0, 4) hypermultiplets: (R1,2, L2,1) ⊕ (R2,1, L1,2). Ui1,i1
and Di1,i1 transform as adjoint representation under the gauge group and they combine into two
adjoint (0, 4)twisted hypermultiplets: (U1,1, D1,1) ⊕ (U2,2, D2,2).
There are also six (0, 2) Fermi multiplets
{∆i1,i1+1,∇i1,i1−1,Λi1,i1}i1=1,2. (3.11) z2_fm
∆i1,i1+1 an ∇ 1,i1−1 transform as bi-fundamental representation under U(N)1,0 × U(N)2,0 and
they are promoted to bi-fundamental (0, 4) Fermi multiplets. Λi1,i1 are adjoint under U(N)1,0 ×
U(N)2,0 and they combine (0, 2) gauge multiplet to form two (0, 4) vector multiplets. The theory
can be encoded by (0, 2) quiver diagram shown in Figure
fig_44quiver
2. As usual, the node corresponds to
each factor of gauge symmetry group . The blue arrows represent R and L forming bi-fundamental
(0, 4)hypermultiplets and the green loops represent U and D forming bi-fundamental (0, 4)twisted
hypermultiplets. Four red edges between two nodes describe ∆ and ∇ while two red loops are adjoint
Λ.
In addition, (0, 4) supersymmetry is enhanced to (4, 4) in such a way that bi-fundamental (0, 4)
hypermultiplets (R,L) and bi-fundamental (0, 4) Fermi multiplets (U,D) further combine into (4, 4)
hypermultiplets and adjoint (0, 4) twisted hypermultiplets (U,D) and (0, 4) vector multiplets are
promoted to (4, 4) vector multiplets. In the T-dual brane box configuration is shown in Figure
fig_44quiver
2.
This is obtained by the dimensional reduction of the 3d N = 4 quiver gauge theory.
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f g_04vm_dec
??.
(i) (ii)
• Line of (0, 4) hyp r a d twisted hyper multiplets in (0, 4) quiver diagram becomes a bi-
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There are also six (0, 2) Fermi multiplets
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can be encoded by (0, ) quiver diagram shown in Figure
fig_44quiver
2. As usual, the node corresponds to
each factor of gauge symmetry groups. The blue arrows represent R and L forming bi-fundamental
(0, 4)hy ermultiplets and the green loops represent U and D forming bi-fundamental (0, 4)twisted
hypermultiplets. Four red e ges between two n des describe ∆ and ∇ while two red loops are adjoint
Λ.
I addition, (0, 4) supersymmetry is enhanced to (4, 4) in such a way that bi-fundamental (0, 4)
hypermultiplets (R,L) and bi-fundamental (0, 4) Fermi multiplets (U,D) further combine into (4, 4)
hypermultiplets and adjoint (0, 4) twisted hypermultiplets (U,D) and (0, 4) vector multiplets are
promoted to (4, 4) vector multiplets. In the T-dual brane box configuration is shown in Figure
fig_44quiver
2.
This is obtained by the dimensional reduction of the 3d N = 4 quiver gauge theory.
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Figure 6: (i) (0, 4) quiver diagram for D1-branes on C2/Z2 × C2/Z2. (ii) The corresponding (0, 2)
quiver diag am. (iii) D3-bra e box configuration which is T-dual to D1-branes on C2/Z2 × C2/Z2.
Horizontal, vertical and diagonal edges represent hyper, twisted hyper and Fermi multiplets.
fig_z2z2
C2/Z2 × C2/Z2 is given by
G =
2∏
i1=1
2∏
i2=1
U(N)i1,i2 (3.12) z2z2_G
The matter content consists of ixteen (0, 2) chiral multiplets{
Ri,i+(1,0), Li,i+(−1,0), Ui,i+(0,1), Di,i+(0,−1)
}
(3.13) z2z2content
and twelve (0, 2) Fermi multiplets {
∆i,i−(1,1),∇i,i−(1,1),Λi,i
}
. (3.14) z2z2content
where i = (i1, i2) are pairs of modulo 2 gauge indices with i1 = 1, 2 and i2 = 1, 2. Th quiver diagram
is shown in Figure
fig_z2z2
6.
The blue and green arrows describe bi-f ndamental (0, 4) hyper and twisted hypermultiplets
respectively. The red lines correspond to bi-fundamental (0, 4) Fermi multiplets while the red loop
combine with (0, 2) gauge multiplet into (0, 4) vector multiplets.
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Figure 12: (i) N = (0, 4) quiver of D1-D5-D5′ brane system. The dotted red line represents neutral
Ferm multiplets. (ii) The corresponding N = (0, 2) quiver. (iii) A single brane box of D3-branes
with flavor D5- and D5′-bra es. This is T-dual configuration of D1-D5-D5′ bra e system.
28
the space-time symmetry so that they decompose into (0, 4) twisted hypermultiplets and (0, 4) Fermi
multiplets
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
twisted hypermultiplets: TAai′ (σ, σ˜
†) (1,1,2,1)
(ψ+, ψ˜
†
+) (2,1,1,1)
Fermi multiplets: ΞA
′
ai′ (λ−, λ˜
†
−) (1,2,1,1)
(3.30) d1d5b_modes
The twisted hypermultiplet scalar fields (σ, σ˜†) capture the motions of D1-branes along 2′345 in
which D5′-branes span. The (0, 4) supermultiplets transform as the fundamental representations
under the gauge group and transform as the anti-fundamental representation under the SU(N ′f )
global symmetry.
D5-D5′ strings The quantization of open strings stretched between D5- and D5′-branes leads to
the (0, 8) Fermi multiplets, as a pair of (0, 4) Fermi multiplets 4.
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
Fermi multiplets: Ξii′ (ξ−, ξ˜−) (1,1,1,1)
(3.31) d5d5_modes
The (0, 4) Fermi multiplets are neutral under the gauge group and transform as the bi-fundamental
representation under the SU(Nf )× SU(N ′f ) global symmetry.
3.2.1 D1-D5-D5′ on C2/Zk ×C2/Zk′
sec_d5
Given the above D1-D5-D5′ brane system, the presence of KK monopoles lead to orbifolding of C2
= R6′789 by Zk and that of C2 = R2
′345 by Zk′ . To preserve the SU(2)C × SU(2)H R-symmetry
of (0, 4) supersymmetry, one should embed the orbifold group Zk and Zk′ in SU(2)′H and SU(2)′C
respectively
Zk ⊂ SU(2)′H ⊂ SO(4)6′789,
Zk′ ⊂ SU(2)′C ⊂ SO(4)2′345. (3.32) emb_orb
It follows from (
d1d5a_modes
3.29)-(
d5d5_modes
3.31) and (
emb_orb
3.32), that non-trivial orbifold action is only on the (0, 4) Fermi
multiplets with the SU(2)′C indices A
′ and the SU(2)′H indices A˜
′ which arise from D1-D5′ string
and those from D1-D5 string respectively.
The structure of flavor symmetries in (0, 4) quiver is illustrated in Figure
fig_04quiver_1
9. The square boxes
connected by horizontal line represent the flavor D5′-branes while those along vertical boxes represent
the flavor D5-branes. The blue, green and red dotted edges are stretched between D1 gauge node and
D5 flavor box or D1 gauge node and D5′ flavor box describe the (0, 4) fundamental hyper, twisted
hyper and Fermi multiplets respectively. They come from the massless modes of D1-D5 string and
those of D1-D5′ string. The pink dotted line is neutral (0, 4) Fermi multiplets which arise from D5-
D5′ string. To illustrate such a general structure of the (0, 4) quiver, we show the effect of adding D5
and D5′ branes in Figure
fig_d1d5d5zkzk
10, which is compared with Figure
fig_boxquiver
24 (or FIgure
figgzkzk
??).
3.2.2 Example
subsubsec_d1d5d5zkzk_eg
We will see that the N = (0, 4) theories which arise from D1-D5-KK system discussed in Behrndt:1998nt, Kutasov:1998zh, Berenstein:1998rr, Sugawara:1999qp, Bena:2005ay[23, 24, 25,
26, 27] is a special case of our model.
4To see this one can take the T-dual configuration of D0-D8 brane system
Banks:1997zs, Bachas:1997kn
[21, 22].
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the space-time symmetry so that they decompose into (0, 4) twis ed hypermultiplets and (0, 4) Fermi
multiplets
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
wis ed hypermultiplets: TAai′ (σ, σ˜
†) (1,1,2,1)
(ψ+, ψ˜
†
+) (2,1,1,1)
Fermi multiplets: ΞA
′
ai′ (λ−, λ˜
†
−) (1,2,1,1)
(3.30) d1d5b_modes
The wisted hypermultiplet scal r fields (σ, σ˜†) capture the motions of D1-bra es along 2′345 in
which D5′-branes span. The (0, 4) supermultiplets tra sform as the fundame tal representations
under the gauge g oup and trans orm as the anti-fundame tal representation under the SU(N ′f )
global symmetry.
D5-D5′ strings The quan ization of op n strings stretche between D5- nd D5′-branes leads to
the (0, 8) Fermi multiplets, as a pair of (0, 4) Fermi multiplets 4.
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
Fermi multiplets: Ξii′ (ξ−, ξ˜−) (1,1,1,1)
(3.31) d5d5_modes
The (0, 4) Fermi multiplets are neutral under the gauge group and transfor as the bi-fundamental
r pres ntation under the SU(Nf )× SU(N ′f ) global symmetry.
3.2.1 D1-D5-D5′ on C2/Zk ×C2/Zk′
sec_d5
Given the above D1-D5-D5′ brane system, the presenc of KK m nopoles lead to orbifolding of C2
= R6′789 by Zk and that of C2 = R2
′345 by Zk′ . To preserve the SU(2)C × SU(2)H R-symmetry
of (0, 4) supersymmetry, one should embed the orbifold group Zk and Zk′ in SU(2)′H and SU(2)′C
respectively
Zk ⊂ SU(2)′H ⊂ SO(4)6′789,
Zk′ ⊂ SU(2)′C ⊂ SO(4)2′345. (3.32) emb_orb
It follows from (
d1d5a_modes
3.29)-(
d5d5_modes
3.31) and (
emb_orb
3.32), that non- rivial orbifold action is only on the (0, 4) Fermi
multiplets with the SU(2)′C indices A
′ and the SU(2)′H indices A˜
′ which arise from D1-D5′ string
and those from D1-D5 string respectively.
The structure of flavor symmetries in (0, 4) quiver is illustrated in Figure
fig_04quiver_1
9. The square boxes
c nected by horizontal line represent the flavor D5′-branes while those along vertical boxes represent
the flavor D5-branes. The blue, green and red dotted edg s are stretched betw en D1 gauge node and
5 fl vor b x or D1 gauge node an D5′ flavor box describe the (0, 4) fundam ntal hyper, twisted
hyper and Fermi mu tiplets respectively. They come from the massless modes of D1-D5 string and
hose of D1-D5′ string. The pi k dotted line is neutral (0, 4) Fermi multiplets which arise from D5-
D5′ string. To illustrate such a general struct re of the (0, 4) quiver, we show the effect of adding D5
and D5′ branes in Figure
fig_d1d5d5zkzk
10, whic is compared with Figure
fig_boxquiver
24 (or FIgure
figgzkzk
??).
3.2.2 Example
subsubsec_d1d5d5zkzk_eg
We will see that the N = (0, 4) theories which arise from D1-D5-KK system discussed in Behrndt:1998nt, Kutasov:19 8zh, Berenstein:1 8rr, Sugawara:1999qp, Bena:2005ay[23, 24, 25,
26, 27] is a special case of our model.
4To see this one a take he T-dual configuration of D0-D8 brane system
Banks:1997zs, Bachas:1997kn
[21, 22].
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the space-time symmetry so that they decompos into (0, 4) twist d hypermulti lets and Fermi
multiplets
(0, 4) supermultiplets compon nt fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
twisted hypermultiplets: TAai′ (σ, σ˜
†) (1,1,2,1)
(ψ+, ψ˜
†
+) (2,1,1,1)
Fermi multiplets: ΞA
′
ai′ (λ−, λ˜
†
−) (1,2,1,1)
(3.30) d1d5b_modes
The twisted hypermultiplet scalar fi lds (σ, σ˜†) capture th motions of D1-branes along 2′345 in
which D5′-branes span. The (0, 4) supermultiplets tr sform as he f da enta r presentations
under the gauge group and transform as the a ti-fund mental represent tion unde the SU(N ′f )
global symmetry.
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(3.31) d5d5_modes
The (0, 4) Fermi multiplets are neutral under the gauge group and transfo m as the bi-fundamental
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sec_d5
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= R6′789 by Zk and that of C2 = R2
′345 by Zk′ . To preserve the SU(2)C × SU(2)H R-symm try
of (0, 4) supersymmetry, one should mbed th rbifold group Zk an Zk′ in SU(2)′H and SU(2)′C
respectively
Zk ⊂ SU(2)′H ⊂ SO(4)6′789,
Zk′ ⊂ SU(2)′C ⊂ SO(4)2′345. ( .32) emb_orb
It follows from (
d1d5a_modes
3.29)-(
d5d5_modes
3.31) and (
emb_orb
3.32), that non-trivial orbifold act on is only on the (0, 4) Fermi
multiplets with the SU(2)′C indices A
′ and the SU(2)′H i ices A˜
′ which arise from D1-D5′ string
and those from D1-D5 string respectively.
The structure of flavor symm tries in (0, 4) quiver is illustrated in Figure
fig_04quiver_1
9. The square boxes
connected by horizontal line represent the flavor D5′-bran s whil those long vertical boxes repr sen
the flavor D5-branes. The blue, gre n and red dotted edges are stretch betw en D1 gauge nod and
D5 flavor box or D1 gauge node and D5′ flav r box describ the (0, 4) fundamental hyper, twis ed
hyper and Fermi multiplets r spectively. They come from t massl ss modes of D1-D5 string and
those of D1-D5′ string. The pink dotted lin is neutral (0, 4) Fermi mu tiplets which a ise from D5-
D5′ string. To illustra e such a general str ture of the (0, 4) quiver, w show the ffec of adding D5
and D5′ branes in Figure
fig_d1d5d5zkzk
10, which is compared w th Figure
fig_boxquiver
24 (or FIgure
figgzkzk
??).
3.2.2 Example
subsubsec_d1d5d5zkzk_eg
We will see that th N = (0, 4) heories which arise f om D1-D5-KK system discussed in Behrndt:1998nt, Kutasov:19 8zh, Beren tein:1998rr, Sugawara 9qp Ben :2005ay[23, 24, 25,
26, 27] is a special case of our model.
4To see this one can take the T-dual configuration of D0-D8 brane system
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[21, 22].
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Figure 8: D3 Brane box configuration which is T-dual to D1-branes on C2/Z2 × C2/Z3.fig_z2z3box
summarized as
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
twisted hypermultiplets: TAai′ (σ, σ˜
†) (1,1,2,1)
(ψ+, ψ˜
†
+) (2,1,1,1)
Fermi multiplets: ΞA
′
ai′ (λ−, λ˜
†
−) (1,2,1,1)
(3.28) d1d5b_modes
The twisted hypermultiplet scalar fields (σ, σ˜†) capture the motions of D1-branes along 2′345 in
whic D5′-bran s span. The (0, 4) supermultiplets transform s th fundam ntal representations
under the gauge group and transform as the anti-fundamental representation under the SU(N ′f )
global symmetry.
D1-D5 strings The massless modes coming from the open strings stretched between the D1-branes
and D5-branes give the (4, 4) hypermultiplets. In our brane construction (
d1d5d5_ale
3. ), they decompose into
(0, 4) hypermultiplets and (0, 4) Fermi multiplets
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
hyper ultiplets: HA˜ (φ, φ˜†) (2,1,1,1)
(ψ+, ψ˜
†
+) (1,1,2,1)
Fermi multiplets: ΞA˜
′
ai (λ−, λ˜
†
−) (1,1,1,2)
(3.29) d1d5a_modes
The hypermultiplet scalar fields φ, φ˜† describe the motion of D1-branes along the 6′789 in which D5-
branes extend. Each of the (0, 4) supermultiplets transform as the fundamental representation under
the gauge group and transform as the anti-fundamental representation under the SU(Nf ) global
symmetry.
D1-D5′ strings Similarly the massless modes from the open strings str tched between the D -
branes and D5’-branes give the (4, 4) hypermultiplets. However, they differently transform under
20
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The hypermultiplet scalar fields φ, φ˜† describe the motion of D1-branes along the 6′789 in which D5-
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configuration is depicted in Figure
fig_d3d5d5
10. There is a single box of D3-branes surrounded by a NS5-brane
and NS5′-brane. Besides, there are Nf D5-branes and N ′f D5
′-branes.
3.3 D1-D5-D5′ on C2/Zk ×C2/Zk′
sec_d1d5d5zkzk
Generic brane box configuration consisting of a grid of k NS5-branes and k′ NS5′-branes is T-dual of
D1-D5-D5′ brane system on the singularity C2/Zk × C2/Zk′ . For simplicity we will concentrate on the
generator of orbifold group labeled by (1, 1, 0, 0) and (0, 0, 1, 1). In order for the SU(2)C × SU(2)H
R-symmetry of (0, 4) supersymmetry to be preserved, the orbifold groups Zk and Zk′ should be
e bedded in SU(2)′H and SU(2)
′
C respectively
Zk ⊂ SU(2)′H ⊂ SO(4)6′789,
Zk′ ⊂ SU(2)′C ⊂ SO(4)2′345. (3.36) emb_orb
In addition to the restriction on fields from D1-D1 strings, which we have already seen, there is a
further restriction on fields from D1-D5 strings, D1-D5′ strings and D5-D5′ strings. The action of Zk′
should be embedded in the Chan Paton factors of Nf D5-branes and that of Zk should be embedded
in the Chan Paton factors of N ′f D5
′-branes so that flavor symmetry group is
GF =
k∏
i1=1
SU(N ′f )i1
k′∏
i2=1
SU(Nf )i2 . (3.37) zkzk_gf
From (
d1d5a_modes
3.28)-(
d5d5_modes
3.34) we see that only orbifold actions on (0, 4) Fermi multiplets from D1-D5 strings
and from D1-D5′ strings are non-trivial, that is (ξia, ξ˜
a
i ) transforming as 2 under the SU(2)
′
C and
(ζia˜, ζ˜
a˜
i ) trasforming as 2 under the SU(2)
′
H . Let a˜i1 = 1, · · · , N ′f and ai2 = 1, · · · , Nf stand for i1-th
SU(Nf )
′ flav r indices and i2-th SU(Nf ) flavor indices respectively. U der the gauge group (
zkzk_g
3.4)
and flavor symmetry group (
zkzk_gf
3.37) these Fermi multiplets transform as
ξia : (i; a) = (i1, i2; ai2+1)
ξ˜ai : (i; a) = ( 1, i2; ai2−1)
ζia˜ : (i; a˜) = (i1, i2; a˜i1+1)
ζ˜ a˜i : (i; a˜) = (i1, i2; a˜i1−1). (3.38) fm_d1d5zk
Th structure of flavor symmetri s in (0, 4) quiver is i lustrated in Figure
fig_04quiver_1
11. The squa e boxes
connected by horizontal line represent the flavor D5′-branes while those along vertical boxes represent
the flavor D5-branes. The blue, green and red dotted edges are stretched between D1 gauge node and
D5 flavor box or D1 gauge node and D5′ flavor box describe the (0, 4) fundamental hyper, twisted
hyper and Fermi multiplets respectively. They come from the massless modes of D1-D5 string and
those of D1-D5′ string. The pink dotted line is neutral (0, 4) Fermi multiplets which arise from D5-
D5′ string. To illustrate such a general structure of the (0, 4) quiver, we show the effect of adding D5
and D5′ branes in Figure
fig_d1d5d5zkzk
12, which is compared with Figure
fig_boxquiver
26 (or FIgure
figgzkzk
??).
3.3.1 Example
subsubsec_d1d5d5zkzk_eg
We will see that the N = (0, 4) theories which arise from D1-D5-KK system discussed in Behrndt:1998nt, Kutasov:1998zh, Berenstein:1998rr, Sugawara:1999qp, Bena:2005ay[24, 25, 26,
27, 28] is a special case of our model.
D1-D5′ branes on C2/Zk The corresponding quiver diagram is given in Figure
figd1d5zk
13
Sugawara:1999qp, Okuyama:2005gq
[27, 29].
4This is T-dual configuration of D0-D8 brane system
Banks:1997zs, Bachas:1997kn
[22, 23].
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Figure 13: A quiver diagram of adding Nf flavor D5- and N
′
f D5
′-branes to D1-branes in the presence
of the singularity. Each of blue square boxes represents SU(Nf ) flavor symmetry while ach of
gr en square b xes repr ents SU(N ′f ) flavor symmet y. The blue and green edges are fundamental
N = (0, 4) hyper and twi ted hyp rmultiplets. The red bold lin s are Fermi multiplets. The red
dotte line is n ut al N = (0, 4) Fermi multiplets.
(ζia˜, ζ˜
a˜
i ) trasforming as 2 under the SU(2)
′
H . Let a˜i1 = 1, · · · , N ′f and ai2 = 1, · · · , Nf stand for i1-th
SU(N ′f ) flavor indices and i -th SU(Nf ) flavor indices r spectively. Under the gauge group (4.4) and
flavor symmetry group (4.32) these Fermi multiplets transform as
ξia : (i; a) = (i1, i2; ai2+1)
ξ˜ai : (i; a) = (i1, i2; ai2−1)
ζia˜ : (i; a˜) = (i1, i2; a˜i1+1)
ζ˜ a˜i : (i; a˜) = (i1, i2; a˜i1−1). (4.33)
We give a quiver diagram for adding Nf D5- and N
′
f D5
′-branes to D1-branes on Zk × Zk′ in
Figure 13. Each of k′ blue square boxes which are vertically aligned represents the SU(Nf ) flavor
symmetry while each of k green square boxes which are horizontally aligned represents the SU(N ′f )
flavor symmetry. The blue and green edges are N = (0, 4) fundamental hypermultiplets (Hia, H˜ai ) and
twisted hypermultiplets (T ia˜, T˜
a˜
i ). The red lines connecting between gauge nodes and SU(Nf ) boxes
are the Fermi multiplets (ξia, ξ˜
a
i ) and those connecting between gauge nodes and SU(N
′
f ) boxes are
the Fermi multiplets (ζai , ζ˜
i
a˜). The red dotted line is the neutral N = (0, 4) Fermi multiplets (γaa˜ , γ˜a˜a)
which arise from D5-D5′ strings.
The E- and J-terms (4.25) associated to (ξia, ξ˜
a
i ) and the E- and J-terms (4.28) associated to
(ζia˜, ζ˜
a˜
i ) become
J E
ξ
(i1,i2)
ai2+1
: H˜
ai2+1
(i1,i2+1)
·D(i1,i2+1)(i1,i2) = 0 U (i1,i2)(i1,i2+1) ·H(i1,i2+1)ai2+1 = 0
ξ˜
ai2−1
(i1,i2)
: D(i1,i2)(i1,i2−1) ·H(i1,i2−1)ai2−1 = 0 −H˜
ai2−1
(i1,i2−1) · U (i1,i2−1)(i1,i2) = 0
ζ
(i1,i2)
a˜i1+1
: T˜
a˜i1+1
(i1+1,i2)
· L(i1+1,i2)(i1,i2) = 0 R(i1,i2)(i1+1,i2) · T (i1+1,i2)a˜i1+1 = 0
ζ˜
a˜i1−1
(i1,i2)
: L(i1,i2)(i1−1,i2) · T (i1−1,i2)a˜i1−1 = 0 −T˜
a˜i1−1,ai2
(i1−1,i2) ·R(i1−1,i2)(i1,i2) = 0
. (4.34)
These interactions can be read off from the quiver diagram as in Figure 14 and 15.
29
Figure 14: E- and J-terms associated to (ξ, ξ˜). A circular node labeled by a pair of two integers
(i1, i2) corresponds to (i1, i2)-th gauge factor. A blue square box labeled by an integer ai2 corresponds
to ai2-th SU(Nf ) flavor factor.
Figure 15: E- and J-terms associated to (ζ, ζ˜). A circular node labeled by a pair of two integers (i1, i2)
corresponds to (i1, i2)-th gauge factor. A green square box labeled by an integer a˜i1 corresponds to
a˜i1-th SU(Nf )
′ flavor factor.
30
Figure 8: D3 Brane box configuration which is T-dual to D1-branes on C2/Z2 × C2/Z3.fig_z2z3box
summarized as
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
twisted hypermultiplets: TAai′ (σ, σ˜
†) (1,1,2,1)
(ψ+, ψ˜
†
+) (2,1,1,1)
Fermi multiplets: ΞA
′
ai′ (λ−, λ˜
†
−) (1,2,1,1)
(3.28) d1d5b_modes
The twisted hypermultiplet scalar fields (σ, σ˜†) capture the motions of D1-branes along 2′345 in
which D5′-branes span. The (0, 4) supermultiplets transform as the fundamental representations
under the gauge group and transform as the anti-fundamental representation under the SU(N ′f )
global symmetry.
D1-D5 strings The massless modes coming from the open strings stretched between the D1-branes
and D5-branes give the (4, 4) hypermultiplets. In our brane construction (
d1d5d5_ale
3.1), they decompose into
(0, 4) hypermultiplets and (0, 4) Fermi multiplets
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
hypermultiplets: HA˜ai (φ, φ˜
†) (2,1,1,1)
(ψ+, ψ˜
†
+) (1,1,2,1)
Fermi multiplets: ΞA˜
′
ai (λ−, λ˜
†
−) (1,1,1,2)
(3.29) d1d5a_modes
The hypermultiplet scalar fields φ, φ˜† describe the motion of D1-branes along the 6′789 in which D5-
branes extend. Each of the (0, 4) supermultiplets transform as the fundamental representation under
the gauge group and transform as the anti-fundamental representation under the SU(Nf ) global
symmetry.
D1-D5′ strings Similarly the massless modes from the open strings stretched between the D1-
branes and D5’-branes give the (4, 4) hypermultiplets. However, they differently transform under
20
Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Figure 2: Left: A quiver diagram for D1-branes on C2/Z2 × C2. Right: D3 brane box configuration
with which is T-dual to D1-branes on C2/Z2 × C2.fig_44quiver
decomposes as a (0, 2) gauge multiplet and a (0, 2) adjoint Fermi multiplet. The map is shown
in Figure
fig_04vm_dec
??.
(i) (ii)
• Lines of (0, 4) hyper and twisted hyper multiplets in (0, 4) quiver diagram becomes a bi-
directional line in the N = 1 quiver diagram. This is shown in Figure 2.
3.1.3 C2/Z2 × C2
subsec_d1zkzk
In this case the the gauge group is U(N)1,0 × U(N)2,0. There are eight (0, 2) chiral multiplets
{Ri1,i1+1, Li1,i1−1, Ui1,i1 , Di1,i1}i1=1,2. (3.10) z2_cm
Ri1,i1+1 and Li1,ii−1 transform as bi-fundamental representation under the gauge group U(N)1,0 ×
U(N)2,0 and they form two bi-fundamental (0, 4) hypermultiplets: (R1,2, L2,1) ⊕ (R2,1, L1,2). Ui1,i1
and Di1,i1 transform as adjoint representation under the gauge group and they combine into two
adjoint (0, 4)twisted hypermultiplets: (U1,1, D1,1) ⊕ (U2,2, D2,2).
There are also six (0, 2) Fermi multiplets
{∆i1,i1+1,∇i1,i1−1,Λi1,i1}i1=1,2. (3.11) z2_fm
∆i1,i1+1 and ∇i1,i1−1 transform as bi-fundamental representation under U(N)1,0 × U(N)2,0 and
they are promoted to bi-fundamental (0, 4) Fermi multiplets. Λi1,i1 are adjoint under U(N)1,0 ×
U(N)2,0 and they combine (0, 2) gauge multiplet to form two (0, 4) vector multiplets. The theory
can be encoded by (0, 2) quiver diagram shown in Figure
fig_44quiver
2. As usual, the node corresponds to
each factor of gauge symmetry groups. The blue arrows represent R and L forming bi-fundamental
(0, 4)hypermultiplets and the green loops represent U and D forming bi-fundamental (0, 4)twisted
hypermultiplets. Four red edges between two nodes describe ∆ and ∇ while two red loops are adjoint
Λ.
In addition, (0, 4) supersymmetry is enhanced to (4, 4) in such a way that bi-fundamental (0, 4)
hypermultiplets (R,L) and bi-fundamental (0, 4) Fermi multiplets (U,D) further combine into (4, 4)
hypermultiplets and adjoint (0, 4) twisted hypermultiplets (U,D) and (0, 4) vector multiplets are
promoted to (4, 4) vector multiplets. In the T-dual brane box configuration is shown in Figure
fig_44quiver
2.
This is obtained by the dimensional reduction of the 3d N = 4 quiver gauge theory.
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Figure 2: Left: A quiver diagram for D1-branes on C2/Z2 × C2. Right: D3 brane box configuration
with which is T-dual to D1-branes on C2/Z2 × C2.fig_44quiver
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Figure 6: (i) (0, 4) quiver diagram for D1-branes on C2/Z2 × C2/Z2. (ii) The corresponding (0, 2)
quiver diagram. (iii) D3-brane box configuration which is T-dual to D1-branes on C2/Z2 × C2/Z2.
Horizontal, vertical and diagonal edges represent hyper, twisted hyper and Fermi multiplets.
fig_z2z2
C2/Z2 × C2/Z2 is given by
G =
2∏
i1=1
2∏
i2=1
U(N)i1,i2 (3.12) z2z2_G
The matter content consists of sixteen (0, 2) chiral multiplets{
Ri,i+(1,0), Li,i+(−1,0), Ui,i+(0,1), Di,i+(0,−1)
}
(3.13) z2z2content
and twelve (0, 2) Fermi multiplets {
∆i,i−(1,1),∇i,i−(1,1),Λi,i
}
. (3.14) z2z2content
where i = (i1, i2) are pairs of modulo 2 gauge indices with i1 = 1, 2 and i2 = 1, 2. The quiver diagram
is shown in Figure
fig_z2z2
6.
The blue and green arrows describe bi-fundamental (0, 4) hyper and twisted hypermultiplets
respectively. The red lines correspond to bi-fundamental (0, 4) Fermi multiplets while the red loop
combine with (0, 2) gauge multiplet into (0, 4) vector multiplets.
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Figure 16: (i) N = (0, 4) quiver diagram of D1-D5 brane system on C2/Zk′ . This is a set of inner
quiver and outer one. (ii) The corresponding N = (0, 2) quiver. (iii) The T-dual (1 × k′) D3-brane
box configuration with Nf D5-branes.
4.4 Examples
4.4.1 D1-D5-KK′ system
When k = 1 and ′f = 0, our brane setup reduces to D1-D5 brane system on C2/Zk′ 5. The low-
energy effective theory is N = (0, 4) gauge theory which is encoded by a set of inner quiver and
outer quiver diagram shown in Figure 16. The inner quiver iagram is the affine Âk′− diagram with
U(N) gauge nodes cor sponding to the orbifold of N D1-branes. The outer quiver diagram is the
another affine Âk′−1 Dynkin diagram with SU(Nf ) gauge nodes corresponding to the orbifold of Nf
D5-branes.
Each gauge node comes up with a N = (0, 4) vector multiplet, consisting of a N = (0, 2) gauge
multiplet and an adjoint N = (0, 2) Fermi ultiplet Λ, and an adjoint N = (0, 4) hyper ltiplet
(L,R). Between gauge nodes there is a bi-fundamental N = (0, 4) twisted hyper lti let (U,D) and
Fermi multiplets (∆,∇). As discussed in section 4.1.4, these are N = (4, 4) gauge t eory e coded in
the inner quiver. In dditi n, there are flavor nodes and links between th inner and outer quive .
They represent fundamental hypermultiplets (H, H˜) and Fermi multiplets (ξ, ξ˜). It i co p tible
with the quiver previously studied in [11, 37, 7].
5 This brane configuration has been studied in [10, 33, 34, 35, 10, 36].
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At low energy the D1-D5-KK′ system is described by N = (0, 4) SCFT of central charge [36]
c = 6NcNfk
′. (4.35)
and the microscopic states correspond to the chiral primary operators in the CFT.
The T-dual configuration is (1× k′) D3-brane boxes including Nf D5-branes illustrated in Figure
16.
4.4.2 Mirrors
We can also consider more general N = (0, 4) quiver gauge theories in which both D5- and D5′-branes
exist at generic singularity. In this case we can study two distinct N = (0, 4) gauge theories which
map to the other under the S-duality in Type IIB string theory.
For example, let us consider 2 × 2 D3-brane box model in which each of boxes intersecting with
flavor Nf D5- and N
′
f D5
′-branes. Making use of our dictionary, we can easily obtain the quiver
diagram illustrated in Figure 17. This is the generalized model of 2×2 D3-brane box model in Figure
9 involving Nf flavor D5 and N
′
f D5
′-branes. When Nf = 1 and N ′f = 1, this model is interesting in
that it is invariant under the S duality in type IIB string theory, which indicates that the model is
self mirror. We postpone further analysis of this issue to the future.
5 Brane box model
Now that we have identified the matter content and interaction of N = (0, 4) gauge theory for periodic
D3-brane box configuration from T-dual configuration of D1-D5-KK system, we would like to further
discuss the detail of the brane box model.
5.1 Brane box configuration and anomaly
5.1.1 Anomaly constraint
As discussed in section 2.2.5, N = (0, 4) gauge theory must be free from gauge anomaly. Consequently
only appropriate choices of gauge group and matter content are admitted. To see this constraint in
the brane box construction, let us consider a box of N D3-branes surrounded by eight adjacent boxes
filled by D3-branes. Taking into account the N = (0, 4) boundary conditions in subsection 3.2.1, this
leads to N = (0, 4) U(N) vector multiplet. Without any matter multiplets, the N = (0, 4) U(N)
vector multiplet is anomalous.
In the absence of flavor 5-branes, an anomaly free theory is obtained by filling the adjacent D3-
branes in (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
displaced in the neighboring infinite regions in top-left, top, top-right, left, right, bottom-left, bot-
tom and bottom-right (see Figure 18). Applying the brane rules for matter multiplets as above, the
horizontally aligned nL and nR D3-branes introduce nL and nR N = (0, 4) bi-fundamental hyper-
multiplets, the vertically aligned nT and nB D3-branes provide nT and nB N = (0, 4) bi-fundamental
twisted hypermultiplets, and the diagonally aligned nTL, nTR, nb and nBR D3-branes lead to nTL,
nTR, nb and nBR bi-fundamental Fermi multiplets. According to the anomaly contribution (2.34),
the condition set by the f2su(N) gauge anomaly is given by
N =
1
2
(nL + nR + nT + nB)− 1
4
(nTL + nTR + nBL + nBR). (5.1)
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the space-time symmetry so that they decompose into (0, 4) twisted hypermultiplets and (0, 4) Fermi
multiplets
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
twisted hypermultiplets: TAai′ (σ, σ˜
†) (1,1,2,1)
(ψ+, ψ˜
†
+) (2,1,1,1)
Fermi multiplets: ΞA
′
ai′ (λ−, λ˜
†
−) (1,2,1,1)
(3.30) d1d5b_modes
The twisted hypermultiplet scalar fields (σ, σ˜†) capture the motions of D1-branes along 2′345 in
which D5′-branes span. The (0, 4) supermultiplets transform as the fundamental representations
under the gauge group and transform as the anti-fundamental representation under the SU(N ′f )
global symmetry.
D5-D5′ strings The quantization of open strings stretched between D5- and D5′-branes leads to
the (0, 8) Fermi multiplets, as a pair of (0, 4) Fermi multiplets 4.
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
Fermi multiplets: Ξii′ (ξ−, ξ˜−) (1,1,1,1)
(3.31) d5d5_modes
The (0, 4) Fermi multiplets are neutral under the gauge group and transform as the bi-fundamental
representation under the SU(Nf )× SU(N ′f ) global symmetry.
3.2.1 D1-D5-D5′ on C2/Zk ×C2/Zk′
sec_d5
Given the above D1-D5-D5′ brane system, the presence of KK monopoles lead to orbifolding of C2
= R6′789 by Zk and that of C2 = R2
′345 by Zk′ . To preserve the SU(2)C × SU(2)H R-symmetry
of (0, 4) supersymmetry, one should embed the orbifold group Zk and Zk′ in SU(2)′H and SU(2)′C
respectively
Zk ⊂ SU(2)′H ⊂ SO(4)6′789,
Zk′ ⊂ SU(2)′C ⊂ SO(4)2′345. (3.32) emb_orb
It follows from (
d1d5a_modes
3.29)-(
d5d5_modes
3.31) and (
emb_orb
3.32), that non-trivial orbifold action is only on the (0, 4) Fermi
multiplets with the SU(2)′C indices A
′ and the SU(2)′H indices A˜
′ which arise from D1-D5′ string
and those from D1-D5 string respectively.
The structure of flavor symmetries in (0, 4) quiver is illustrated in Figure
fig_04quiver_1
9. The square boxes
connected by horizontal line represent the flavor D5′-branes while those along vertical boxes represent
the flavor D5-branes. The blue, green and red dotted edges are stretched between D1 gauge node and
D5 flavor box or D1 gauge node and D5′ flavor box describe the (0, 4) fundamental hyper, twisted
hyper and Fermi multiplets respectively. They come from the massless modes of D1-D5 string and
those of D1-D5′ string. The pink dotted line is neutral (0, 4) Fermi multiplets which arise from D5-
D5′ string. To illustrate such a general structure of the (0, 4) quiver, we show the effect of adding D5
and D5′ branes in Figure
fig_d1d5d5zkzk
10, which is compared with Figure
fig_boxquiver
24 (or FIgure
figgzkzk
??).
3.2.2 Example
subsubsec_d1d5d5zkzk_eg
We will see that the N = (0, 4) theories which arise from D1-D5-KK system discussed in Behrndt:1998nt, Kutasov:1998zh, Berenstein:1998rr, Sugawara:1999qp, Bena:2005ay[23, 24, 25,
26, 27] is a special case of our model.
4To see this one can take the T-dual configuration of D0-D8 brane system
Banks:1997zs, Bachas:1997kn
[21, 22].
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-br n s in th (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Figure 8: D3 Brane box configuration which is T-dual to D1-branes on C2/Z2 × C2/Z3.fig_z2z3box
summarized as
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
twisted hypermultiplets: TAai′ (σ, σ˜
†) (1,1,2,1)
(ψ+, ψ˜
†
+) (2,1,1,1)
Fermi multiplets: ΞA
′
ai′ (λ−, λ˜
†
−) (1,2,1,1)
(3.28) d1d5b_modes
The twisted hypermultiplet scalar fields (σ, σ˜†) capture the motions of D1-branes along 2′345 in
which D5′-branes span. The (0, 4) supermultiplets transform as the fundament l representations
under the gauge group and transform as the anti-fundamental repres ntation under the SU(N ′f )
global symmetry.
D1-D5 strings The massless modes coming from the open strings stretched between the D1-branes
and D5-branes give the (4, 4) hypermultiplets. In our brane construction (
d1d5d5_ale
3.1), they decompose into
(0, 4) hypermultiplets and (0, 4) Fermi multiplets
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
hypermultiplets: HA˜ai (φ, φ˜
†) (2,1,1,1)
(ψ+, ψ˜
†
+) (1,1,2,1)
Fermi multiplets: ΞA˜
′
ai (λ−, λ˜
†
−) (1,1,1,2)
(3.29) d1d5a_modes
The hypermultiplet scalar fields φ, φ˜† describe the motion of D1-branes along the 6′789 in which D5-
branes extend. Each of the (0, 4) supermultiple transform as h fundamental representation under
the gauge group and transform as the anti-fund mental representation under the SU(Nf ) global
symmetry.
D1-D5′ strings Similarly the massless modes from the open strings stretched between the D1-
branes and D5’-branes give the (4, 4) hypermultiplets. However, they differently transform under
20
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The twisted hypermultiplet scalar fields (σ, σ˜†) capture the motions of D1-branes along 2′345 in
which D5′-branes span. The (0, 4) supermultiplets transform as the fundament l representations
under the gauge group and transform as the anti-fundamental representation under the SU(N ′f )
global symmetry.
D1-D5 strings The massless modes coming from the open strings stretched between the D1-branes
and D5-branes give the (4, 4) hypermultiplets. In our brane construction (
d1d5d5_ale
3.1), they decompose into
(0, 4) hypermultiplets and (0, 4) Fermi multiplets
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
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the space-time symmetry so that they decompose into (0, 4) twisted hypermultiplets and (0, 4) Fermi
multiplets
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
twisted hypermultiplets: TAai′ (σ, σ˜
†) (1,1,2,1)
(ψ+, ψ˜
†
+) (2,1,1,1)
Fermi multiplets: ΞA
′
ai′ (λ−, λ˜
†
−) (1,2,1,1)
(3.30) d1d5b_modes
The twisted hypermultiplet calar fields (σ, σ˜†) capt re the motions of D1-branes along 2′345 in
which D5′-branes span. The (0, 4) supermultiplets transform as the fundamental representations
under the gauge group and transform as the anti-fundamental representation under the SU(N ′f )
global symmetry.
D5-D5′ strings The quantization of open strings stretched between D5- and D5′-branes leads to
the (0, 8) Fermi multiplets, as a pair of (0, 4) Fermi multiplets 4.
(0, 4) supermultiplets component fields SU(2)C × SU(2)′C × SU(2)H × SU(2)′H
Fermi multiplets: Ξii′ (ξ−, ξ˜−) (1,1,1,1)
(3.31) d5d5_modes
The (0, 4) F rmi mul iplets are neutral un er the gauge group and transform as the bi-fundamental
pr sentation under the SU(Nf )× SU(N ′f ) global symmetry.
3.2.1 D1-D5-D5′ on C2/Zk ×C2/Zk′
sec_d5
Given the above D1-D5-D ′ brane system, the presence of KK monopoles lead to orbifolding of C2
= R6′789 by Zk and that of C2 = R2
′345 by Zk′ . To preserve the SU(2)C × SU(2)H R-symmetry
of (0, 4) supersymmetry, one should embed the orbifold group Zk and Zk′ in SU(2)′H and SU(2)′C
respectively
Zk ⊂ SU(2)′H ⊂ SO(4)6′789,
Zk′ ⊂ SU(2)′C ⊂ SO(4)2′345. (3.32) emb_orb
It follows from (
d1d5a_modes
3.29)-(
d5d5_modes
3.31) and (
emb_orb
3.32), that non-trivial orbifold action is only on the (0, 4) Fermi
multiplets with the SU(2)′C indices A
′ and the SU(2)′H indices A˜
′ which arise from D1-D5′ string
and those from D1-D5 string respectively.
The st ucture of flavor symmetries in (0, 4) quiver is illustrated in Figure
fig_04quiver_1
9. The square boxes
connected by horizontal line represent the flavor D5′-branes while those along vertical boxes represent
the flavor D5-branes. The blue, green and red dotted edges are stretched between D1 gauge node and
D5 flavor box or D1 gauge node and D5′ flavor box describe the (0, 4) fundamental hyper, twisted
hyper and Fermi multiplets respectively. They come from the massless modes of D1-D5 string and
those of D1-D5′ string. The pink dotted line is neutral (0, 4) Fermi multiplet which arise from D5-
D5′ string. To illustrate such a general structure of the (0, 4) quiver, we show the effect of adding D5
and D5′ branes in Figure
fig_d1d5d5zkzk
10, which is compared with Figure
fig_boxquiver
24 (or FIgure
figgzkzk
??).
3.2.2 Example
subsubsec_d1d5d5zkzk_eg
We will see that the N = (0, 4) theories which arise from D1-D5-KK system discussed in Behrndt:1998nt, Kutasov:1998zh, Berenstein:1998rr, Sugawara:1999qp, Bena:2005ay[23, 24, 25,
26, 27] is a special case of our model.
4To see this one can take the T-dual configuration of D0-D8 brane system
Banks:1997zs, Bachas:1997kn
[21, 22].
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for onsistent gauge theory,
global sy metry may be anom lous. In the IR, the current of t e global symmet of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
e at d by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the br nes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Figure 2 Left: A quiver diagram for D1-branes on C2/Z2 × C2. Right: D3 rane box configuration
with which is T-dual to D1-branes on C2/Z2 × C2.fig_44quiver
deco poses as a (0, 2) gauge multiplet nd a (0, 2) adj in Fe mi multiplet. The map is shown
in Figure
fig_04vm_dec
??.
(i) (ii)
• Lines of (0, 4) hyper and twisted hyper multiplets in (0, 4) quiver diagram becomes a bi-
directional line in the N = 1 quiver diagram. This is shown in Figure 2.
3.1.3 C2/Z2 × C2
subsec_d1zkzk
In this case the the gauge gr up is U(N)1,0 × U(N)2,0. Ther are eig t (0, 2) chiral multiplets
{Ri1,i1+1, Li1,i1−1, Ui1,i1 , Di1,i1}i1=1,2. (3.10) z2_cm
Ri1,i1+1 and Li1,ii−1 transform as bi-fundamental rep esentation under the g uge group U(N)1,0 ×
U(N)2,0 and they form two bi-fundamental (0, 4) hypermultiplets: (R1,2, L2,1) ⊕ (R2,1, L1,2). Ui1,i1
and Di1,i1 transform as adjoint representation under the gauge group and they combine into two
adjoint (0, 4)twisted hypermultiplets: (U1,1, D1,1) ⊕ (U2,2, D2,2).
Ther are also six (0, 2) Fermi multiplet
{∆i1,i1+1,∇i1,i1−1,Λi1,i1}i1=1,2. (3.11) z2_fm
∆i1,i1+1 and ∇i1,i1−1 transform as bi-f n amental representation under U(N)1,0 × U(N)2,0 and
they are promoted to bi-fundamen al (0, 4) Fermi multiplets. Λi1,i1 are adjoint under U(N)1,0 ×
U(N) ,0 and th y ombine (0, 2) gauge multiplet to form two (0, 4) vector multiplets. The theory
can be encoded by (0, 2) quiver dia ram shown in Figure
fig_44quiver
2. As usual, the node corresponds to
each factor of gauge symmetry groups. The blue arrows represent R and L forming bi-fundamental
(0, 4)hypermultiplets and the green loops represent U and D forming bi-fundamental (0, 4)twisted
hypermultiplets. Four red edges between two nodes describe ∆ and ∇ while two red loops are adjoint
Λ.
In addition, (0, 4) supersymmetry is enhanced to (4, 4) in such a way that bi-fundamental (0, 4)
hypermultiplets (R,L) and bi-fundamental (0, 4) Fermi multiplets (U,D) further combine into (4, 4)
hypermultiplets and adjoint (0, 4) twisted hypermultiplets (U,D) and (0, 4) vector multiplets are
promoted to (4, 4) vector multiplets. In the T-dual brane box configuration is shown in Figure
fig_44quiver
2.
This is obtained by the dimensional reduction of the 3d N = 4 quiver gauge theory.
15
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subs c_d1zkzk
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(0, 4)hypermultiplets and the green loops represent U and D forming bi-fundamental (0, 4)twisted
hypermultiplets. Four red edges between two nodes describe ∆ and ∇ while two red loops are adjoint
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In addition, (0, 4) supersymmetry is enhanced to (4, 4) in such a way that bi-fundamental (0, 4)
hypermultiplets (R,L) and bi-fundamental (0, 4) Fermi multiplets (U,D) further combine into (4, 4)
hypermultiplets and adjoint (0, 4) twisted hypermultiplets (U,D) and (0, 4) vector multiplets are
promoted to (4, 4) vector multiplets. In the T-dual brane box configuration is shown in Figure
fig_44quiver
2.
This is obtained by the dimensional reduction of the 3d N = 4 quiver gauge theory.
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Figure 6: (i) (0, 4) quiver diagram for D1-branes on C2/Z2 × C2/Z2. (ii) The corresponding (0, 2)
quiv r diagram. (iii) D3- rane box configuration which is T-dual to D1-branes on C2/Z2 × C2/Z2.
Horizontal, vertical and diagonal edges represent hyper, twisted hyper and Fermi multiplets.
fig_z2z2
C2/Z2 × C2/Z2 is given by
G =
2∏
i1=1
2∏
i2=1
U(N)i1,i2 (3.12) z2z2_G
The matter content consists of six een (0, 2) chir l multiplets{
Ri,i+(1,0), Li,i+(−1,0), Ui,i+(0,1), Di,i+(0,−1)
}
(3.13) z2z2con ent
and twelve (0, 2) Fermi multiplets {
∆i,i−(1,1),∇i,i−(1,1),Λi,i
}
. (3.14) z2z2content
where i = (i1, i2) are pairs of modul 2 gaug indices with i1 = 1, 2 and i2 = 1, 2. he quiver diagram
is shown in Figure
fig_z2z2
6.
The blue and green arrows describe bi-fundamental (0, 4) hyper and twisted hypermultiplets
respectively. The red lines correspond to bi-fundamental (0, 4) Fermi multiplets while the red loop
combine with (0, 2) gauge multiplet into (0, 4) vector multiplets.
17
Figure 17: (i) N = (0, 4) quiver diagram for bra e box model of (iii). (ii) The corresponding
N = (0, 2) quiver. (iii) A grid of two NS5-bran s and two NS5′-branes with Nf flavor D5 and N ′f
D5′-branes which is T-dual of D1-D5-D5′ brane syste on C2/Z2 × C2/Z2.
33
Figure 13: U(1)× U(1) gauge theory with U(1)4 flavor symmetry.
fig_tiling1
Without any matter content, (0, 4) U(N) vector multiplet is anomalous. To obtain gauge anomaly
free theory from non-periodic configuration, one can take further D3-branes with infinite extent in
either x2 or x6 direction. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
displaced in the neighboring infinite regions in top-left, top, top-right, left, right, bottom-left, bottom
and bottom-right. The anomaly coefficient is related to the linking number of NS5-branes.
4.2 Examples
sssec_tiling_eg1
As a simple example let us consider two sets of horizontal tilings of a single D3-branes in which each
tiling intersects with a single D5-brane and a single D5′-brane (Figure
fig_tiling1
13). Two tilings of a single
D3-brane lead to G = U(1)1 × U(1)2 gauge symmetry and intersecting D5-brane and D5 introduce
U(1)F and U(1)F ′ global symmetry for each node. There is a single bi-fundamental hypermultiplet
H between two U(1) gauge nodes. For each U(1) gauge node, there is a set of a hypermultiplet h,
twisted hypermultiplet t and Fermi multiplet γ which transform as the fundamental representation
under the U(1) gauge group. Besides, there are two neutral Fermi multiplets ξ’s under the gauge
group. There is a complex mass parameter m charged under the flavor U(1)F ′ ’s. The matter fields
28
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Figur 18: A box f N D3-branes surrounded by eigh adjacent boxes filled y D3-branes. Blue, green
and red solid edges correspond to hyper, twisted hyper and Fermi multiplets respectively. Blue and
green dotted edges represent 3d hyper and twisted hypermultiplets respectively. Red dotted edges
are n utral Fermi multiplets.
In the absence of D5- or D5′-branes, this constraint on the occupation numbers of D3-branes in the
adjacent boxes is required for gauge anomaly cancellation.
5.1.2 Ju ction t travalent F rmi multipl t
Although the condition (5.1) fixes the f2su(N) gauge anomaly, the Abelian part is still anomalous
becaus the Ab lian augino has no contrib ion to the gauge anomaly. To see this precisely, let
us compute the Abelian gauge anomaly polynomial by setting all the numbers of D3-branes to be
one. We denote the field strength for the gauge and flavor symmetries which are associated to the
multiplicities of D3-branes in Figure 18 as
nTL nT nTR nL N nR nBL nB nBR
a b c d s e f g h
(5.2)
The two-dimensional fields which are illustrated as solid lines in Figure 18 have the following contri-
butions to the Abelian gauge anomaly polynomial:
I2d bdy = −2(s− e)2 − 2(d− s)2︸ ︷︷ ︸
(0, 4) hypermultiplets
−2(s− b)2 − 2(g − s)2︸ ︷︷ ︸
(0, 4) twisted hypermultiplets
+ (s− f)2 + (s− h)2 + (a− s)2 + (c− s)2︸ ︷︷ ︸
Fermi multiplets
= a2 − 2b2 + c2 − 2d2 − 2e2 + f2 − 2g2 + h2
− 2a · s+ 4b · s− 2c · s+ 4d · s+ 4e · s− 2f · s+ 4g · s− 2h · s− 4s2. (5.3)
The non-vanishing terms which include the field strength s of the Abelian gauge field, provide the
anomalous contributions. In addition, the three-dimensional bulk matter fields which are illustrated
as dotted blue and green lines obeying the boundary conditions lead to the following contributions
to the Abelian global anomaly:
I3d matter =−(a− b)2 − (b− c)2 − (f − g)2 − (g − h)2︸ ︷︷ ︸
N b.c. of 3d hypermultiplets
−(d− a)2 − (e− c)2 − (f − d)2 − (h− e)2︸ ︷︷ ︸
N b.c. of 3d twisted hypermultiplets
=− 2a2 + 2a · b− 2b2 + 2b · c− 2c2 + 2a · d− 2d2 + 2c · e
− 2e2 + 2d · f − 2f2 + 2f · g − 2g2 + 2e · h+ 2g · h− 2h2. (5.4)
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Figure 19: The tetravalent Fermi multiplet living at NS5-NS5′ junction. This is required to cancel
the Abelian gauge anomaly in such a way that it couples to the Abelian parts of quadrant of the
gauge or/and global symmetries. It has the same charges along diagonal boxes.
Furthermore, there are four neutral Fermi multiplets illustrated as red dotted lines in Figure 18 which
contribute to the Abelian global anomaly
Ineutral Fermi =(b− d)2 + (b− e)2 + (d− g)2 + (e− g)2
=2b2 − 2b · d+ 2d2 − 2b · e+ 2e2 − 2d · g − 2e · g + 2g2. (5.5)
Collecting the contributions (5.3)-(5.5), we have
I2d bdy + I3d matter + Ineutral Fermi
= −a2 + 2a · b− 2b2 + 2b · c− c2 + 2a · d− 2b · d− 2d2 − 2b · e+ 2c · e
− 2e2 + 2d · f − f2 − 2d · g − 2e · g + 2f · g − 2g2 + 2e · h+ 2g · h− h2
− 2a · s+ 4b · s− 2c · s+ 4d · s+ 4e · s− 2f · s+ 4g · s− 2h · s− 4s2. (5.6)
The first and second lines are the Abelian global anomaly while the last line is the (mixed) Abelian
gauge anomaly. It is quite remarkable that the remaining Abelian gauge anomaly and Abelian global
anomaly can be completely canceled by taking into account the additional tetravalent Fermi multiplets
which are charged under the quadrant of D3-branes. They can give rise to anomaly contributions
Itetravalent Fermi = (a+ s− b− d)2 + (b+ e− c− s)2 + (d+ g − s− f)2 + (s+ h− e− g)2 (5.7)
This beautifully cancels the anomaly polynomial (5.6) ! This anomaly computation strongly indicates
that there are additional Fermi multiplets living at the NS5-NS5′ intersection in the brane box
configuration 6. As in Figure 19, the charges are equal on diagonal boxes and opposite on boxes
which share a line. They will only couple to the Abelian parts of gauge and/or global symmetries for
quadrant of D3-branes separated by NS5- and NS5′-branes.
For non-Abelian gauge and/or global symmetries, we can easily check that the Abelian part
of the anomaly is cancelled under the balancing condition of equation (5.6) 7. In that case, the
tetravalent Fermi multiplets is associated to the determinant representation of the gauge and/or
global symmetries.
6 We thank D. Gaiotto as we have noticed this resolution in a discussion with him. As in our model, such Fermi
multiplets living at the NS5-NS5′ intersection is also considered in [38].
7This is compatible with the rule which is discussed in section 5.3.
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Figure 20: A creation of D3-branes when Nf D5- and N
′
f D5
′ branes cross the right NS5-brane and
the upper NS5′-branes. Additional Nf D3-branes are created in the adjacent boxes at the top-right,
right and bottom right and additional N ′f D3-branes are created in the adjacent boxes at the top-right,
right and bottom right.
5.2 Brane box with flavor 5-branes
Let us consider a non-periodic array of D3-brane boxes. For non-periodic brane box configuration a
pair of linking numbers can be introduced. It is defined as the number of 5-branes of the opposite
kind that are to the left (bottom) of the given 5-branes plus net number of D3-branes ending on the
5-brane from the right (top) minus the number ending from the left (bottom). It is important to note
that the linking numbers can be read off for each segment of 5-branes.
To consider the effect of adding D5- and D5′-branes in the box configuration, we take a box of Nc
D3-branes surrounded by two NS5-branes and two NS5′-branes which intersect with Nf D5-branes
and N ′f D5
′-branes (see Figure 20). By keeping the linking numbers of 5-branes, we rearrange 5-
branes in such a way that all the D5-branes are located on the right and the D5′-branes are located
on the top. The resulting configuration is illustrated in Figure 20.
Moving Nf vertical lines of D5-branes in the box to the right, additional Nf D3-branes are created
in the adjacent boxes at the top-right, right and bottom right. Now we can read off matter multiplets
from the edges between the Nc D3-branes and the Nf D3-branes which are created. Three types of
new edges connecting to top-right, right and bottom-right boxes show up. These are Nf fundamental
Fermi multiplets ξ, Nf fundametnal N = (0, 4) hypermultiplets (H, H˜) and Nf fundamental Fermi
multiplets ξ˜, respectively.
Similarly, moving N ′f horizontal D5
′-branes to the top leads to N ′f D3-branes which are created in
the adjacent boxes at the top-left, top, and top-right. Correspondingly, three types of edges give rise
to N ′f fundamental Fermi multiplets ζ, N
′
f fundametnal N = (0, 4) twisted hypermultiplets (T, T˜ ),
and N ′f fundamental Fermi multiplets ζ˜, respectively.
When Nf D5-branes and N
′
f D5
′-branes intersect in the central box of Nc D3 branes, neutral
NfN
′
f Fermi multiplets can be read off from dotted diagonal edge between the top box and the right
box. They are coupled to Nf hypers and N
′
f twisted hypermultiplets.
The above brane rearrangement supports the analysis of the T-dual brane configuration in subsec-
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tion 4.2. In fact, the corresponding quiver diagram is again given in Figure 13. Therefore the quiver
diagram of Figure 13 obtained from the computation from D1-D5-D5′ brane system on Zk × Z′k can
be also derived by the Hanany-Witten move in the non-periodic box model. We present a dictionary
between the quiver and the brane box model as follows:
N = (0, 4) quiver D3-brane box
U(N)i,j vector box (i, j) of N D3-branes
bi-fundamental hyper horizontal edge between box (i, j) and (i± 1, j)
bi-fundamental twisted hyper vertical edge between boxes (i, j) and (i, j ± 1)
bi-fundamental Fermi diagonal edge between boxes (i, j) and (i+ 1, j − 1)
bi-fundamental Fermi diagonal edge between boxes (i, j) and (i− 1, j − 1)
tetravalent Fermi NS5-NS5′ junction
Nf fundamental hyper vertical dotted lines of Nf D5-branes
A pair of Nf fundamental Fermi
N ′f fundamental twisted hyper horizontal dotted lines of N
′
f D5
′-branes
A pair of N ′f fundamental Fermi
NfN
′
f neutral Fermi intersecting points of Nf D5- and N
′
f D5
′-branes
(5.8)
5.3 2d-3d coupled system
Let us go back to the issue of N = (0, 4) boundary condition in section 3.3 and consider the 2d-3d
coupled system realized in the brane box configuration.
As we have discussed, the boundary gauge anomaly must be cancelled and it is encoded by the
linking numbers. Remembering that Neumann boundary condition for a gauge field is realized by
NS5′-brane, we would like to require that
linking numbers of NS5′-branes defining the boundary should share the same linking num-
bers.
In addition to the above requirement, we further assume that
linking numbers of NS5′-branes defining the boundary is not larger than the numbers of
D3-branes terminating on the boundary NS5′-brane.
37
Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
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D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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subsec_d3box
2.1 Bra e configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used o construct 3d N = 4 supersymmetric
gauge theories. In this section w will generalize these brane configur tions o construct 2d N = (0, 4)
supersymmetric gauge theories. We consid r Type IIB superstring theory in Minkowski spacetime
with time coordin te x0 nd space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erat d by left- and right-moving world-she t degre s of freedom. The satisfy the chirality conditions
of Type IIB superstring theory: Γ L = QL, Γ = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in ( 0 1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the bran s share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-bran s therefore a e macroscopically two
dimensional.
8
Note that he fund mental nd anti-fundam n al repres ntations have he same c ntributions to
the ’t H oft anomalies. While gauge anomaly cancellation is requir d for consistent gauge theory,
global sym etry may be anomalous. n th IR, the current of the global symmetry of Lie algebra
f can be holom phic r anti-holomorphic, i.e. left- or rig t-moving. Then the corresponding global
symmetry can be nhanc d to the affine Lie algebra f̂ of level |2Af| which act in the holom phic or
anti-hol m rp ic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomali s. In
Mohri:1997ef
[11] the theories on D1-br nes at s ngularities the
on-vanishin Abelian gauge anomalies are shown to be cancelled by generaliz d Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropria m tter cancels the on-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theor , the anomaly coefficient also
rece ves c ntribution from bulk fields. They ave half of the contributions as those from boundary
fields
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2.1 Bra e configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] c nfigurations of D3-branes and 5-branes were sed o onstruct 3d N = 4 supersymmetric
gauge theories. In his section w will generalize these brane configurations o onstruct 2d N = (0, 4)
supersymm tric gaug theories. We consid r Type IIB superstring theory in Minkowski spacetime
with ime coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the sup rcharges gen-
erated by left- a d right-moving world-she t egrees f freedom. The s tisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We int oduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in ( 0, 1, 2, 7, x8, x9) directions, NS5′-b anes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-b anes with world-volumes in (x0, x1, x3, x4, x5, x6) irections, and
D3-branes in ( 0, 1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2. ) 04_brane1
All the br n s share the (x0, x1) directions. We w ll cons der the cas in which the D3-b anes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kal za-Klein reduction in
these two directions, th world-volume theories on the D3-bran s therefore a e macr scopically two
dimensional.
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No e that the funda ental and nti-fundamental repr sent tions have the same c tributions to
the ’t Hooft anomal s. Whil g ug anomaly ca cellati n is req ir d for consist n gauge theory,
glob l sy metry may be anomalous. In t e IR, the curren f the gl bal symmetry of Lie algebra
f c be h lom rph c r an i-ho omorph c, i.e. left- or right-movi g. Then the c rresponding global
symmetry can be enha c d to the affin Lie algebra f̂ of level |2Af| w ich act in the holomorphic or
anti-h lomorphic se tor of the associated CFT dependi g o the sign of he a omaly coefficient Af.
**TODO: Check the Abeli n anomalies. In
Mohri:1997ef
[11] th theories on D1-bra es t s ngularities the
non-vanish ng Abeli n gauge anomalies are shown to b ca cel ed by a generalized Green-Schwarz
echa ism. In
Gadde:2013lxa
[12] he addition of ppropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we c nsider (0, 2) bou ary conditions in 3d N = 2 theory, he anomaly coefficient also
eceives c tribution from bulk fi lds. They have alf of the c tri u ions as those from boundary
fields
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2.1 Brane configurations
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In
Hanany 1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes d 5-b anes we e use to construct 3d N = 4 supe symmetric
gauge theories. In this s c on we wi l ge eralize these bra e configu ations to construct 2d N = (0, 4)
supe symmetri gaug theories. We consider Type IIB superstring theory in M nkowski spacetime
with time coordinate x0 a d space coordinat s x1, · · · , x9. Let L and QR be the supercharges gen-
erated by left- and right-moving world-sh t degr es of freedom. T ey satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in ( 0, 1, x2, x3, x4 x5) directions, D5-branes
with world-volumes in (x0, x1, x2 x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in ( 0, 1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − ◦ − −
NS5 ◦ ◦ − −
D5 ◦ ◦ ◦ − − ◦ ◦
NS5′ ◦ ◦ − − ◦ ◦
D5′ − ◦ ◦ − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. W will consider t e case in which the D3-branes are
bounded by all th 5-branes i the (x2, x6) directions. Accordi g to the Kaluza-Klein reduction in
these w directions, the w ld-v lum theories on the D3-branes theref re are macroscopically two
dimensional.
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global s mmetry may be anomalous. n t e IR, th curren of th global symm try of Lie lgebra
f can be ol morphic anti-hol morph c, i.e. left- o right-moving. Then the c rresponding global
s mmetry c n b nh nc d to the ffine Lie lgebra f̂ of level |2Af| whic act in the holomorphic or
anti- ol m rphic s ctor of the associated CFT dependi g on th sign of he anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] th theo es on D1-branes a singularities the
non-v ni hing Abelian g uge anomalies are shown to be ca celled by a g eraliz d Green-Schwarz
mecha sm. In
Gadde:2013lxa
[12] the addition f appr pria m tter cancel the on-v ishin Abelian gauge
anomalies. **
Whe we consider (0, 2) b undary conditions in 3d N = 2 theory, the anom y coefficient also
rec ives contribution from bulk fields. They h ve alf of the c ntributi ns as those from boundary
fields
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2.1 B ne configurations
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In
Han ny:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-bra es we e us d to con tr ct 3d N = 4 supersymmetric
gauge th or e . I thi section we will generalize the e bra e configurations to construct 2d N = (0, 4)
up rsymmetric gaug theories. We consid r Type IIB superstring theory in Minkowski spacetime
wi h time co rdinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by l ft- and ight-m vin world-sh degre s of fre dom. They a isfy the chirality c ditions
of Type IIB superstring theory: ΓQL = QL, R QR where Γ = Γ0 · · ·Γ9.
We in roduce NS5-branes with world-volumes n (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in ( 0 1 2 7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
6, 7, x8, x9) d recti ns, D5′-branes with world-volumes in ( 0, 1, x3, x4, x5, x6) directions, and
D3-branes n (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ − ◦ ◦ ◦ ◦ − − −
(2. ) 04_brane1
All the bra es share the (x0, x1) dire tions. W will consider th c s in w ich the D3-branes are
bounded by all 5-b an s in the (x2, x6) directions. Accord g to the Kaluza-Klein reduction in
these two di ecti ns, w ld-v lum the ies on t D3-br n s therefore are macroscopically two
dimensional.
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No e that he fu da ntal nd anti-fu da en l epres tations have he same c ntributions to
the ’t Ho ft anom l es. Whil gauge anomaly cancellation is req i d for consistent gauge theory,
global sym etry m y be anomalous. n th IR, th curren of th global s mmetry of Lie algebra
f c be h lomorph c r an i-hol morphic, i.e. l ft- o rig t-movi g. Then the corresponding global
symmetry ca be nh nc d to the affine Lie lgebra f̂ of level |2Af| which act in the holomorphic or
nti-hol m rp ic sec or of the ass ciat d CFT depe di g on the sign of he an maly coefficient Af.
**TODO: C ck Abelian anom li . In
Mohri:1997ef
[11] th theories on D1-br nes at singularities the
non-van in Abelian gaug anomali s are shown to be ca celled by generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addi ion of appr pri m tt r c nc ls the non-vanishing Abelian gauge
anomalies. **
When we consider (0, ) boundary conditions in 3d N = 2 or , he an maly coefficient also
ece v s c ntribution from bulk fields. They ve alf f he contri ution as those from boundary
fields
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subsec_d3box
2.1 Brane configurations
subsec_04su y
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] c nfigu ations of D3-branes and 5-branes were sed to onstruct 3d N = 4 sup rsymmetric
gaug theories. I is s c ion w will ge eralize the e bra e configurati to construct 2d N = (0, 4)
supersymm tri gaug theo es. We consid r Type IIB superstring theory in M nkowski spacetime
with ime coordin te x0 nd space coordinat s x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- a d ight- oving world-she eg e s f freedom. They s tisfy the chiral y conditions
of Type IIB superstring theory: Γ L = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We int oduce NS5-branes with world-volumes in (x0, x1, 2, 3, x4, x5) directions, D5-branes
with w rl -volume in (x0, x1, x2 x7, x8, x9) di ections, NS5′-b anes with world-volumes in (x0, x1,
x6, x7, x8, x9) directi s, D5′-b anes with world-volumes in ( 0 1 3 4, x5, x6) irections, and
D3-branes in ( 0, 1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2. ) 04_brane1
All th branes s are the (x0, x1) dire tions. W w ll co s de the cas in which the D3-branes are
bounded by all the 5-branes i the (x2, x6) directions. Accordi g to the al za-Klein reduction in
hese two direc ions, the world-volum th ies on the D3-branes the fore are ma r scopically two
dimensional.
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Figure 21: Brane construction of interface in 3dN = 4∏ni=1 U(Ni) linear quiver gauge theory with bi-
fundamental hypermultiplets. The numbers with red color indicate the linking numbers. The quiver
diagram below illustrates the 2d-3d coupled system where the green and red edges are boundary
twisted hyper and Fermi multiplets respectively.
This condition guarantees that the numbers of adjacent D3-branes are positive.
This suggests that the N = (0, 4) boundary conditions in 3d N = 4 gauge theory can be labeled by
the linking numbers of the boundary 5-branes. Now that we have a recipe to read off the N = (0, 4)
matter content from the brane box configuration, we can determine what types of boundary degrees
of freedom may appear in the boundary conditions for given linking numbers. It can be seen that
the above simple requirement and our identification of matter multiplets consistently provides the
appropriate boundary degrees of freedom which cancel the gauge anomaly.
Let us start with the brane construction of 3d N = 4 ∏ni=1 U(Ni) linear quiver gauge theory with
bi-fundamental hypermultiplets as in Figure 1. Using the above rules, we can choose a non-positive
linking number −L ≤ 0 for the NS5′-brane in each segment. These linking numbers can be realized
when a certain set of D3-branes exist across the boundary NS5′-brane as shown in Figure 21.
Using the dictionary (5.8), we can read off the matter fields which couple to the 3d bulk gauge
fields. For gauge nodes U(Ni) with i = 2, · · · , n − 1, there are (Ni + L) N = (0, 4) fundamental
twisted hypermultiplets and (Ni−1 + L) + (Ni+1 + L) N = (0, 2) fundamental Fermi multiplets.
Gauge nodes U(N1) and U(Nn) are the ends of the quiver and the numbers of Fermi multiplets are
smaller. For U(N1) the number of Fermi multiplets is L + (N2 + L), while for U(Nn) the number
of Fermi multiplets is (Nn−1 + L) + L. Recalling (2.34), we find f2su(Ni) anomaly contributions from
the 2d boundary fields
Ibdy,L = (N2 − 2N1) Tr(s21) +
n−1∑
i=2
(−2Ni +Ni−1 +Ni+1) Tr(s2i ) + (Nn−1 − 2Nn) Tr(s2n)
= −I(N1)−(N2)−···(Nn)(N ,N) . (5.9)
38
Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
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gauge multiplet N b.c. adjoint −N
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2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
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D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
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All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the curre t of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
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[12] he addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configur tions
subsec_04susy
In
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[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-bran with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Note th t the fundamental and anti-fundamental repre entations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global sy metry may be anomalo s. In the IR, the current of the global symmetry of Lie algebra
f can be or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affin Lie algebra f̂ of level |2Af| which a t in the holomorphic or
anti-holomorph c sector of the associated CFT depending n the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. I
Mohri:1997ef
[1 ] the theories on D1-bran s at singularities the
non-vanishing Abeli n gauge anomalies are shown to b cancelled by a gene alized Green-Schwarz
mech nism. In
Gadde:2013lxa
[12] the ddition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boun ary conditions in 3d N = 2 theory, the an maly coefficient also
receives contribution from bulk fields. They have half of e contributions s those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
hiral multiplet D b.c. ! or ! 14
adjoint N2
hiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiple N b.c. adjoint −N
gauge multiple D b.c. adjoint N
(1.36) t_Anom2a
2 (0, 4) brane box model
subsec_d3box
2.1 Bra e configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this se tion we will ge eralize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Typ IIB superstring theory n Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving wo ld-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-bran with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′ r ith orld-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ ◦ − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ − − − − ◦ ◦
NS5′ ◦ ◦ − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-bran s n the (x2, x6) direc ions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on th D3-br nes therefore are macroscopically two
dimensional.
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Figure 22: Brane construction of interface in 3d N = 4 U(Nc) gauge theory with Nf hypermultiplets.
After the brane creation, the required Fermi multiplets for gauge anomaly cancellation can be read
off from the diagonal edge.
This shows that the set of boundary fields determined by the linking number of the boundary 5-brane
and the dictionary (5.8) consistently produces a gauge anomaly free boundary condition.
For 3d N = 4 U(Nc) gauge theory with Nf hypermultiplets, we have f2su(N) gauge anomaly (3.15).
Making use of the rules above and rearranging the 5-branes, the boundary NS5′-brane with linking
number −L introduces (Nc + L) twisted hypermultiplets and L + (Nf + L) Fermi multiplets (see
Figure 22). The f2su(N) anomaly contributions from these 2d boundary fields are given by
Ibdy,L = (Nf − 2Nc) Tr(s2)
= −I(Nc)−[Nf ](N ,N) . (5.10)
Again this demonstrates that the rules above and the dictionary (5.8) consistently leads to gauge
anomaly free boundary conditions with appropriate boundary degrees of freedom.
We should note that the Abelian gauge anomaly again can be resolved by tetravalent Fermi
multiplet living at the NS5-NS5′ junction. Let us consider the simplest example of SQED with one
hypermultiplet. The bulk hypermultiplet obeying the Neumann boundary condition has boundary
U(1) gauge anomaly. Taking L = 0 for the linking number of NS5′-brane and rearranging 5-branes,
one can read off one charged twisted hypermultiplet as vertical edge, one charged Fermi multiplet as
diagonal edge and tetravalent Fermi multiplet living at the NS5-NS5′ junction from Figure 23.
We denote the field strengths for 3d gauge symmetry and 3d global symmetry by f and a. Also
we let b be the field strength for additional global symmetry under which the charged twisted hyper
is charged and c be the field strength for the other under which the charged Fermi is charged. The
39
Figure 13: Single box of N D3-branes and eight types of D3-branes with infinite extent.
fig_singlebox
account the (0, 4) boundary conditions in subsection
subsec_04BC1
2.2.1, this leads to (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
To obtain gauge anomaly free theory from non-periodic configuration, one can add adjacent D3-
branes in (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
displaced in the neighboring infinite regions in top-left, top, top-right, left, right, bottom-left, bottom
and bottom-right (see Figure
fig_singlebox
13). From the dictionary (
dic_box
3.37) of brane box, horizontally aligned nL
and nR D3-branes introduce nL and nR (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide nT and nB (0, 4) fundamental twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and nBR D3-branes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
According to the anomaly contribution (
t_Anom2a
1.40), we find f2su(N) gauge anomaly free condition
N =
1
2
(nL + nR + nT + nB)− 1
4
(nTL + nTR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 Brane ordering
subsec_04ineq
We will define a pair of net numbers of D3-branes ending on a 5-brane. One is the number of D3-
branes ending on the 5-brane from the right minus the number ending from the left while the other is
the that of D3-branes ending on the 5-brane from the top minus the number ending from the bottom.
1. Any D5-branes with non-zero net numbers of D3-branes are located on the right hand of all the
NS5-branes and any D5′-branes with non-zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i.e. Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- and D5-branes. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are nondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve extra decoupled 3d N = 4 hypermultiplets. As Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-branes
leads to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
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Note that the fundamental and anti-fundamental representations have the same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
[8]:
3d N = 2 multiplet b.c. representation ASU(N)
chiral multiplet D b.c. ! or ! 14
adjoint N2
chiral multiplet N b.c. ! or ! − 14
adjoint −N2
gauge multiplet N b.c. adjoint −N
gauge multiplet D b.c. adjoint N
(1.36) t_Anom2
2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane co figurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bou ded by all the 5 branes in the (x2, x6) directions. According to th Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or i-holomorphic, i. . l ft- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian anomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
mechanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. They have half of the contributions as those from boundary
fields
Dimofte:2017tpi
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2.1 Brane configurations
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gauge theories. In this section we will generalize these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordin e x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- and right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
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D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Note that the fundamental and anti- rep esentations have th same contributions to
the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent ga ge theory,
global symmetry may be anomalous. In the IR, the current of global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the correspo ding global
symmetry can be enhanced to the ffin Lie alg bra f̂ of level |2Af| which act in the holomorphic or
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[13, 14] configurations of D3-branes and 5-branes were us d to construct 3d N = 4 supersymmetric
gauge theories. In this section we will ge eraliz these brane configurations to construct 2d N = (0, 4)
supersymmetric gauge theo ies. We onsider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the superch rges gen-
erated by left- and right-moving world-sheet degrees of freedom. They sati fy th chirality condi ons
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = 0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions and
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NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
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All the branes share the (x0, x1) directions. We will consider the cas in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klei reduction in
these two directions, the world-volume theories on the D3-branes th refore are macroscopically two
dimensional.
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the ’t Hooft anomalies. While gauge anomaly cancellation is required for consistent gauge theory,
global symmetry may be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic or anti-holomorphic, i.e. left- or right-moving. Then the corresponding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
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2.1 Brane confi rati ns
subsec_04susy
In
Hanany:1996ie, Gaiotto:2008ak
[13, 14] configurations of D3-branes and 5-branes were used to construct 3d N = 4 supersymmetric
gaug theories. In this sectio we will generalize these bran configurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
with time coordinate x0 and space coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erated by left- a d right-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Type IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
We introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ − − −
D5 ◦ ◦ ◦
NS5′ ◦ ◦ − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the branes share the (x0, x1) directions. We will consider the case in which the D3-branes are
bounded by all the 5-branes in the (x2, x6) directions. According to the Kaluza-Klein reduction in
these two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
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Figure 13: Single box of N D3-br nes and e ght types of D3-branes with infinite extent.
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accou t the (0, 4) boundary con itions in subsection
subsec_04BC1
2.2.1, this ads to (0, 4) U(N) vector multiplet.
Without any matter content, (0, 4) U(N) vector multiplet is anomalous.
T obtain gaug anomaly free he ry from on-periodic configuration, one can add adjacent D3-
branes in (x2, x6) plane. Let nTL, nT , nTR, nL, nR, nBL, nB , nBR be the numbers of D3-branes
displaced he neighboring infini e regions in top-left, top, t p-right, left, right, bottom-left, bottom
and bo tom-right (see Figure
fig_singlebox
13). From the d ctionary (
dic_box
3.37) of brane box, horizontally aligned nL
nd nR D3-bran s introd ce nL and R (0,4) fundamental hypermultiplets, vertically aligned nT and
nB D3-branes provide T a d nB (0, 4) fundament l twisted hypermultiplets, and diagonally aligned
nTL, nTR, nb and BR D3-branes lead to nTL, nTR, nb and nBR (0, 2) fundamental Fermi multiplets.
According to the anomal contributi n (
t_Anom2a
1.40), we find f2su(N) gauge anomaly free condition
N =
1
2
(nL R + nT + nB)− 1
4
(nTL + nTR + nBL + nBR). (4.1) brane_anomalry_sun
4.2 Brane ordering
subsec_04ineq
We will define a pair of net numbers of D3-branes ending on a 5 brane. One is the number of D3-
branes ending on the 5-brane fr m the right minus the number ending from the left while the other is
the th t of D3-branes endi g on the 5- rane from the top minus the number ending from the bottom.
1. Any D5-branes with non-zero n t numbers of D3-branes are located on the right hand of all the
NS5-bran s a d a y D5′-branes with o -zero net numbers of D3-branes are on the top of all
the NS5′-branes. This constraint requires that we should firstly meet the data which cannot be
described by 2d gauge theory, i. . Nahm pole ρ : su(2)→ g and reduced gauge group H. This
constraint is imposed in
Gaiotto:2008ak
[13] for NS55- nd D5-bra es. We impose a similar condition on NS5′-
and D5′-branes.
2. The linking numbers are ondecreasing from left to right and from bottom to top. Unless this
constraint is satisfied for D5-brane, the oduli space f solutions to Nahm equation would
involv extra d coupled 3d N = 4 hypermultiplets. A Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also impose a similar constraint on the linking numbers of
additional 5-branes. Following the same line in
Gaiotto:2008ak
[13], this con traint on a pair of two NS5-branes
le ds to conditions in (0, 4) U(N) gauge theory:
NH ≥ 2N, NT ≥ 2N (4.2) 04scft_constraint
where NH is the number of (0, 4) fundamental hypermultiplet and NT is that of (0, 4) twisted
hypermultiplets. When these conditions are obeyed at each node, the (0, 4) quiver gauge theories
will be good or balanced.
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2 (0, 4) brane box model
subsec_d3box
2.1 Brane configurations
subsec_04susy
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Hanany:1996ie, Gaiotto:2008ak
[13, 14] configura ions of D3-brane and 5-branes were used to construct 3d N = 4 supersymmetric
gaug theories. In this section we will generalize these b ane co figurations to construct 2d N = (0, 4)
supersymmetric gauge theories. We consider Type IIB superstring theory in Minkowski spacetime
wi time coordinate x0 and pace coordinates x1, · · · , x9. Let QL and QR be the supercharges gen-
erat by eft- a r ght-moving world-sheet degrees of freedom. They satisfy the chirality conditions
of Typ IIB superstring theory: ΓQL = QL, ΓQR = QR where Γ = Γ0 · · ·Γ9.
W introduce NS5-branes with world-volumes in (x0, x1, x2, x3, x4, x5) directions, D5-branes
with world-volumes in (x0, x1, x2, x7, x8, x9) directions, NS5′-branes with world-volumes in (x0, x1,
x6, x7, x8, x9) directions, D5′-branes with world-volumes in (x0, x1, x3, x4, x5, x6) directions, and
D3-branes in (x0, x1, x2, x6) directions:
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(2.1) 04_brane1
All the bran s share the (x0, x1) directions. We will consider the case in which the D3-branes are
bou ded by all the 5 branes in the (x2, x6) directions. According to th Kaluza-Klein reduction in
th se two directions, the world-volume theories on the D3-branes therefore are macroscopically two
dimensional.
8
Note that the fundame tal and anti-fundamental representations have the same contributions to
he ’t Hooft anomalies. While gauge an maly cancellation is required for consistent gauge theory,
global symmetry ma be anomalous. In the IR, the current of the global symmetry of Lie algebra
f can be holomorphic r a ti-h lomorphic, i. . left- or right-moving. Then the corresp ding global
symmetry can be enhanced to the affine Lie algebra f̂ of level |2Af| which act in the holomorphic or
anti-holomorphic sector of the associated CFT depending on the sign of the anomaly coefficient Af.
**TODO: Check the Abelian nomalies. In
Mohri:1997ef
[11] the theories on D1-branes at singularities the
non-vanishing Abelian gauge anomalies are shown to be cancelled by a generalized Green-Schwarz
me hanism. In
Gadde:2013lxa
[12] the addition of appropriate matter cancels the non-vanishing Abelian gauge
anomalies. **
When we consider (0, 2) boundary conditions in 3d N = 2 theory, the anomaly coefficient also
receives contribution from bulk fields. The have half of the contributions as those from boundary
fields
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Figu e 13: Single box of N D3-bran s and eight yp s of D3-branes with infinit extent.
fig_singlebox
account the (0, 4) boundary conditio s in subsectio
subsec_04BC1
2.2.1, this leads to (0, 4 U(N) vector multiplet.
Without ny matter content, (0, 4 U(N) vector multiplet is anomalous.
To obtain gauge anomaly free theory from no -periodic config ati n, e can a d adjacent D3-
branes in (x2, x6) plane. Let nTL, T , nTR, nL, nR, nBL, nB , nBR be the umbers of D3-branes
displaced in the ne ghbori infinit regions in p-lef , top, top- ight, left, right, bo tom-left, bottom
and bottom-right (see Figure
fig_singlebox
13). From the dictionary (
dic_box
3. 7) of rane box, horizontally aligned nL
and nR D3-branes introdu e L and nR (0,4) fu d m n al hypermultiplets, vertically aligned nT a d
B D3-branes provi e nT a d nB (0, 4) fu d me tal wist d hyperm ltiplets, nd diag nally aligned
nTL, nTR, nb and nBR D3-br nes lead to TL, TR, nb a d nBR (0, 2) fu d mental Fermi multiplets.
According to the anomaly contributi n (
t_Anom2a
1.40), we find f2u(N) gaug anomaly free c dition
N =
1
2
(nL + nR + nT + nB)− 1
4
( T nTR nBL + nBR). (4.1) brane_anomalry_sun
4.2 Brane ordering
subsec_04ineq
We will define a pair of net numbers of D3-branes endi g on 5-brane. On is the number of D3-
branes ending on the 5-brane from the r ht minus the number ending from he left while the other is
the that of D3-branes ending on the 5-brane from the top minus the number ending from he botto .
1. Any D5-branes with n -zero net number of D3-bran s r located on the right hand of all he
NS - ranes and any D5′-branes with z ro ne u bers of D3-b ane ar o he top of all
the NS5′-branes. This constraint requi es that we shou d firstly me t e data which cannot be
describe by 2d gauge th ory, i.e. Nahm pole ρ : su(2)→ g and reduced auge group H. This
constraint i imposed in
Gaiotto:2008ak
[13] for NS55- and D5-bra es. We impose similar condition on NS5′-
and D5′-branes.
2. The li king numbers ar nond creasi fro left o right and from b ttom to top. Unless this
constrain is satisfied for D5-brane, the moduli space of solutions to Nahm equation would
involve extra d coupled 3d N = 4 hypermulti ts. As Nahm pole boundary conditions are
imposed from D5′-brane
Chung:2016pgt
[14], we also i pose similar constraint on the li king numbe s of
addition l 5-branes. Following the s me line in
Gaiotto:2008ak
[13], this constraint on a pair of two NS5-b es
leads to conditions in (0, 4 U(N) gauge theory:
NH ≥ 2N, T ≥ 2N (4.2) 04scf _co straint
where NH is the number of (0, 4) fu d mental hypermultiplet and NT is t at of (0, 4) twiste
hypermultiplets. When these conditions ar obey d at ach node, the (0, 4) quiver gauge theories
will be good or balanced.
28
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Without any matter co tent, (0, 4) U(N) vector multiplet is anomalous.
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fi _ ingle ox
13). Fro the i ionary (
dic_box
3.37) of bran bo , horizontally aligned nL
and nR D3-bra es introduc L and nR (0,4) fund m ntal hypermultiplets, vertically aligned nT and
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Figure 23: The Neumann boundary condition of linking number L = 0 for SQED with one hyper-
multiplet. The Abelian gauge anomaly is canceled by the tetravalent Fermi multiplets which live at
the junction of NS5- and NS5′-branes.
anomaly polynomial which is contributed from charged fields is evaluate as
ISQED1N ,N,L=0 = −(f − a)2︸ ︷︷ ︸
N b.c. of
3d hyper
−2(f − b)2︸ ︷︷ ︸
(0, 4) twisted hyper
+ (f − c)2︸ ︷︷ ︸
Fermi
+ (b− f)2 + (f + c− a− b)2︸ ︷︷ ︸
tetravalent Fermi
= 2c2 − 2a · b− 2a · c− 2b · c (5.11)
This shows that the boundary condition (N , N) with linking number L = 0 for SQED with one
hypermultiplet is free from gauge anomaly. The rema ning global anomaly is beautifully resolved by
further taking into account the anomaly contributions from 3d hyper and twisted hypermultiplets
which live across the boundary with the Neumann boundary c nditio a d the u charged bou dary
Fermi multiplet which can be read off from vertical, horizontal and diagonal edges respectively:
Ibdy,L=0 = −(b− c)2︸ ︷︷ ︸
N b.c. of
3d hyper
−(c− a)2︸ ︷︷ ︸
N b.c. of
3d twisted hyper
+ (a− b)2︸ ︷︷ ︸
neutral Fermi multiplet
= −ISQED1N ,N,L=0. (5.12)
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